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6Sources of Gravitational Waves: Theory and
Observations
Abstract
Gravitational-wave astronomy will soon become a new tool for observing the
Universe. Detecting and interpreting gravitational waves will require deep
theoretical insights into astronomical sources. The past three decades have
seen remarkable progress in analytical and numerical computations of the
source dynamics, development of search algorithms and analysis of data from
detectors with unprecedented sensitivity. This Chapter is devoted to exam-
ine the advances and future challenges in understanding the dynamics of
binary and isolated compact-object systems, expected cosmological sources,
their amplitudes and rates, and highlights of results from gravitational-wave
observations. All of this is a testament to the readiness of the community to
open a new window for observing the cosmos, a century after gravitational
waves were first predicted by Albert Einstein.
6.1 Historical perspective
James Clerk Maxwell discovered in 1865 that electromagnetic phenomena
satisfied wave equations and found that the velocity of these waves in vac-
uum was numerically the same as the speed of light [1]. Maxwell was puzzled
at this coincidence between the speed of light and his theoretical prediction
for the speed of electromagnetic phenomena and proposed that “light is
electromagnetic disturbance propagated through the field according to elec-
tromagnetic laws” [1].
Because any theory of gravitation consistent with special relativity cannot
be an action-at-a-distance theory, in many ways, Maxwell’s theory, being the
first relativistic physical theory, implied the existence of gravitational waves
(GWs) in general relativity (GR). Indeed, years before Einstein derived the
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wave equation in the linearised version of his field equations and discussed
the generation of GWs as one of the first consequences of his new theory of
gravity [2, 3], Henri Poincare´ proposed the existence of les ondes gravifiques
purely based on consistency of gravity with special relativity [4]. However,
for many years GWs caused much controversy and a lot of doubts were cast
on their existence [5–8]. The year 1959 was, in many ways, the turning point
— it was the year of publication of a seminal paper by Bondi, Pirani and
Robinson [6] on the exact plane wave solution with cylindrical symmetry
and the energy carried by the waves [9]. This paper proved that wave solu-
tions exist not just in the weak-field approximation and that GWs in GR
carry energy and angular momentum away from their sources. These results
cleared the way for Joseph Weber [10] to start pioneering experimental ef-
forts. The discovery of the Hulse-Taylor binary [11], a system of two neutron
stars in orbit around each other, led to the first observational evidence for
the existence of gravitational radiation [12–14]. The loss of energy and angu-
lar momentum to GWs causes the two stars in this system to slowly spiral
in towards each other. Since 1974, a few other pulsar binaries have been
discovered. For the most relativistic binary the observed rate of change of
the period agrees with the GR prediction to better than 0.03% [15].
Once the most obvious theoretical impediments in defining gravitational
radiation were tackled and observational evidence of the existence of the
radiation was firmly established, serious research on the modeling of astro-
physical and cosmological sources of GWs began along side experimental and
data-analysis efforts to detect GWs. This chapter examines the last thirty
years of endeavours that have brought the field to the dawn of the first, di-
rect detections of GWs, hopefully marking the one-hundred year anniversary
of the first articles by Einstein on gravitational radiation [2, 3].
Impressive theoretical advances and a few breakthroughs have occurred
since the publication of the two notable reviews: Gravitational Radiation
in 1982 [16] and Three-Hundred Years of Gravitation in 1987 [17]. Since
then, a network of ground-based, GW laser interferometers has been built
and has taken data1. Sophisticated and robust analytical techniques have
been developed to predict highly-accurate gravitational waveforms emitted
by compact-object binary systems (compact binaries, for short) during the
inspiral, but also plunge, merger and ringdown stages (see Secs. 6.2 and
6.3). After many years of attempts, today numerical-relativity (NR) simu-
lations2 are routinely employed to predict merger waveforms and validate
1
See the chapter on Receiving Gravitational Waves in this volume.
2
See also the chapter on Numerical Relativity in this volume.
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analytical models of binary systems composed of black holes (BHs) and/or
neutron stars (NSs). Simulations of binary systems containing NSs are be-
coming more realistic, and robust connections to astrophysical, observable
phenomena (i.e., electromagnetic counterparts) are under development (see
Sec. 6.3). The internal structure of NSs has still remained a puzzle, but
there are hints of superfluidity of neutrons in the core. Neutron-star normal
modes are now understood in far more detail and a new relativistic insta-
bility, that could potentially explain NSs in X-ray binaries, was discovered
(see Sec. 6.4). Supernova simulations are getting more sophisticated and are
able to include a variety of micro- and macro-physics (full GR, neutrino
transport, weak interaction physics, magnetohydrodynamics), but not all in
a generic 3-dimensional simulation with realistic equations of state. Many
challenges remain, including understanding the basic supernova mechanism
of core collapse and bounce (see Sec. 6.4). Thirty years ago, only a few
rough predictions of GW signals from the primordial dark age of the Uni-
verse existed. Today we know a plethora of physical mechanisms in the early
Universe that could generate GWs (see Sec. 6.5). Because of the weakness
of GW signals, scientists working closely with the experiments have estab-
lished strong collaborations with theorists, astrophysicists and cosmologists,
so that searches for GWs are fully optimised (see Secs. 6.3, 6.4 and 6.5).
Concurrently with the construction of initial interferometers, geometrical
approaches to optimizing data analysis were developed, which now form the
backbone of all GW data-analysis quests. As we shall discuss, searches with
initial LIGO and Virgo detectors have already produced astrophysically and
cosmologically significant upper limits. Pulsar Timing Arrays have reached
unprecedented sensitivity levels and could detect a stochastic background
from a population of supermassive black holes over the next five years.
Although the progress has been tremendous and the field has reached an
unprecedented degree of maturity, several challenges still need to be tackled
to take full advantage of the discovery potential of ground- and space-based
detectors, and pulsar timing arrays. Part of this chapter is also devoted to
highlight those challenges.
Later in this chapter we will discuss sources that can be observed in dif-
ferent types of detectors. These include ground-based interferometers such
as initial and Advanced LIGO (iLIGO and aLIGO), Virgo and Advanced
Virgo (AdV), KAGRA and Einstein Telescope (ET) (see Fig. 6.6), space-
based detectors LISA and eLISA (see Fig. 6.7) and Pulsar Timing Arrays
(PTA) and the Square Kilometre Array (SKA)3.
3
ET is a third generation detector concept being studied in Europe whose conceptual design study
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Lastly, while this Chapter was being finalised, the BICEP2 experiment
claimed to have observed the polarisation of the cosmic microwave back-
ground (CMB) photons (the so-called B-modes), caused by primordial GWs [19].
If confirmed, this result will constitute a landmark discovery in cosmology
and GW science, enabling us to probe epochs very close to the Big Bang.
However, at this stage it is not clear if the observed signal is truly primor-
dial in nature and not due to astrophysical foregrounds and synchrotron
emission by intervening dust [20, 21]. Measuring the imprint of primordial
GWs on the CMB is different from, but equally relevant to, the detection
of GWs with ground- and space-based detectors or PTAs. Indeed, detectors
like BICEP2 infer the presence of GWs through their interaction with the
CMB radiation at the time the latter was produced. They do not detect
GWs passing by the detector on the Earth today. LIGO, Virgo, KAGRA,
eLISA, PTA, etc., will probe contemporary GWs, yielding spectral and sky
position data, and a plethora of new and unique information about our Uni-
verse and its contents. The focus of this Chapter is on the new window on
the Universe that those detectors will enable us to open.
6.2 Analytical approximation methods
Progress over the past three decades: There is no doubt that the field of
analytical relativity has matured considerably and has made tremendous
progress since the notable Les Houches school on Gravitational Radiation in
1982 [16]. During the last thirty years there have been significant advances
on the problems emphasised in the historic discussion organised and moder-
ated by A. Ashtekar at the end of the school. The validity of the quadrupole
formula for gravitational radiation far away from a binary source was ques-
tioned by some of the participants at the Les Houches school, appealing to
the ongoing debate at that time [22–29] relating to the difficulties in de-
scribing nonlinearities in GR within a precise mathematical framework. At
the Les Houches school, the Paris group (Damour, Deruelle, ...) proposed
a consistent framework in terms of which to formulate questions about the
two-body dynamics and GW emission. The Paris group was motivated by the
impressive observational work related to the discovery of the Hulse-Taylor
binary pulsar [11] and wanted to develop a mathematical framework that
could match the standards set by the ever more accurate pulsar-timing data.
Eventually, as we shall discuss below, a precise mathematical framework was
was completed in 2011 [18]. The European Space Agency has selected GW Observatory as the
science theme for the 3rd large mission (L3) in its future science program, scheduled for a launch
in 2034. eLISA is the current straw man design for L3.
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also needed for direct detection of gravitational waves on the ground, because
in this case nonlinearities play a role that is much more crucial than in binary
pulsar observations.
Between 1980 and 1992 important theoretical foundations in gravitational
radiation and post-Newtonian (PN) theory were carried out by a number
of researchers [30–43]. However, during those years, the analytical work on
the two-body problem was considered mostly academic. It was not clear
how relevant it would be to push calculations beyond the quadrupole for-
mula for the direct observation of GWs. The first important turning point
was in 1993 when [44] pointed out the importance of computing the GW
phasing beyond the leading order. Many crucial developments took place in
the subsequent years [45–60]. The second important turning point, which
brought theory and observations closer, occurred in the mid and late 1990s
when the construction of LIGO, Virgo, GEO600 and TAMA 300 detectors
started [61]. The TAMA 300 and LIGO detectors took the first data in
1999 [62] and 2002 [63], respectively. (The first ever coincident operation
of a pair of interferometers was between the Glasgow 10 m and Garching
30 m prototypes [64].) The third turning point happened in the late 1990’s
and early 2000’s when, pressed by the construction of GW interferome-
ters, the analytical effective-one-body (EOB) approach [65, 66] made a bold
prediction for the late inspiral, merger and ringdown waveform emitted by
comparable-mass binary BHs. The EOB formalism builds on PN and pertur-
bation theory results, and it is guided by the notion that non-perturbative
effects can be captured analytically if the key ingredients that enter the two-
body dynamics and GW emission are properly resummed about the (exact)
test-particle limit results. Moreover, in the early 2000’s, a pragmatic, nu-
merical and analytical, hybrid approach aimed at predicting the plunge and
merger waveform was bravely carried out [67, 68]. This approach, called the
Lazarus project, consisted of evolving the binary system in full numerical
relativity (NR) for less than an orbit just prior to merger before stopping
the evolution, extracting the spacetime metric from the results of the sim-
ulation of a deformed BH, and using perturbation theory calculations to
complete the evolution during ringdown. The fourth relevant turning point
occurred in 2005, when after more than thirty years of attempts, the first
numerical-relativity simulations of binary BHs at last unveiled the merger
waveforms [69–71]. Since then, synergies and interplays between different
analytical and numerical techniques to solve the two-body problem in GR
have grown considerably. A few paradigms were broken, in particular the
nature of the binary BH merger waveform, which turned out to be much
simpler than what most people had expected or predicted. Finally, recent
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Figure 6.1 Current range of validity of the main analytical and numerical
methods to solve the two-body problem.
years have seen remarkable interactions between GW data analysts, astro-
physicists and theorists to construct templates to be used for the searches,
making analytical relativity a crucial research area for experiments that will
soon revolutionise our understanding of the Universe.
In the rest of this section we shall discuss the main approximation methods
that have been developed to study the two-body problem in GR, highlight-
ing some of the key theoretical ideas that have marked the last thirty years.
As we shall see, in all the approximation schemes one needs to develop a
conceptual and consistent framework and solve difficult technical problems.
Since Einstein did not conceive the theory of GR starting from approxi-
mations to it, we shall see in relation to GWs what we gain and what we
lose from the original theory when investigating it through approximation
methods.
Physical scales and methods in the two-body problem: Three main methods
have been proposed to tackle the two-body problem in GR: the PN ap-
proach, perturbation theory (and the gravitational self-force formalism), and
NR. The first step towards setting up those approximation methods consists
in identifying some small (dimensionless) parameters. In Fig. 6.1 we show
the range of validity of each method using the parameters rc2/(GM) and
m1/m2 ≥ 1, where m1 and m2 are the binary’s component masses, M =
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m1 +m2 is its total mass and r is the separation between the two bodies. If
we consider astrophysical sources that are held together by gravitational in-
teractions, then, as a consequence of the virial theorem, v2/c2 ∼ GM/(rc2),
where v is the characteristic velocity of the bodies in the binary.
The PN formalism expands the dynamics and gravitational waveforms in
powers of v/c. It is valid for any mass ratio but, in principle, only for slow
motion, which, for self-gravitating objects, also implies large separations.
Perturbation theory is suitable to describe the motion and radiation of a
small body moving around a large body. It expands the Einstein equations
around the BH metric in powers of the mass ratio m2/m1. At leading order
the small-body moves along geodesics of the background spacetime and can
reach any speed v <∼ c. When taking into account the back-reaction of the
gravitational field of the small body on its motion, one needs to develop a
consistent framework free of divergences. This is done within the gravita-
tional self-force (GSF) formalism. Finally, NR solves the Einstein equations
on a computer. In principle, it could be used for any mass ratio, binary sep-
aration and velocity. However, the computational cost and the requirements
on the accuracy of the numerical solutions limit its range of validity. For the
past thirty years the two-body problem has been tackled keeping in mind
that each method has a domain of validity displayed in Fig. 6.1. As we shall
see below, by proceeding without blinkers, recent work at the interfaces be-
tween the different methods has demonstrated that the limits of validity of
those approaches are more blurred than expected — for example PN cal-
culations can be pushed into the mildly relativistic regime v/c<∼ 0.1 and
GSF predictions could be used also for intermediate (or perhaps even com-
parable) mass binary systems. Moreover, an analytical formalism, namely,
the EOB approach, exists that can incorporate the results of the different
methods in such a way as to span the entire parameter space and provide
highly-accurate templates to search for BH binaries in GW data.
Because of space limitations, the presentation of the different approxima-
tion methods will be sketchy and incomplete. The reader is referred to the
original articles, reviews [72–77] and books [78–81] for more details.
6.2.1 Post-Newtonian formalism
The Einstein field equations Rαβ − gαβR/2 = 8piGTαβ/c4 can be recast in
a convenient form introducing the field hαβ =
√−g gαβ − ηαβ, which is a
measure of the deviation of the background from Minkowskian metric ηαβ,
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and imposing the harmonic gauge condition ∂βh
αβ = 0 [78],
hαβ = 16piG
c4
|g|Tαβ + Λαβ ≡ 16piG
c4
ταβ , (6.1)
where  is the D’Alambertian operator in flat spacetime, g ≡ det(gαβ),
Tαβ is the matter stress-energy tensor and Λαβ depends on non-linear terms
in hµν and gµν and their derivatives. By imposing no-incoming-radiation
boundary conditions, one can formally solve Eq. (6.1) in terms of retarded
Green functions
hαβ(t, r) =
16piG
c4
−1retταβ = −
4G
c4
∫
ταβ(t− |r − r′|/c, r′)
|r − r′| d
3r′. (6.2)
Limiting to leading order in G and considering r ≡ |r|  d (i.e., the field
point is at a far greater distance compared to the size d of the source), we
can expand the integrand in powers of 1/r and find at leading order
hαβ(t, r) = − 4G
c4 r
∫
Tαβ(t− r/c+ n · r′/c, r′)d3r′, (6.3)
where n = r/r. Let us assume that the source is a PN source (i.e., it is
slowly moving, weakly stressed and weakly self-gravitating). This means
that |T 0i/T 00| ∼ √|T ij/T 00| ∼ √|U/c2|  1, where U is the source’s
Newtonian potential. It is customary to indicate the magnitude of the above
small quantities with a small parameter , which is essentially v/c where
v is the characteristic, internal velocity of the source. Assuming that the
source’s size is d and it oscillates at frequency ω, the characteristic speed of
the source is v ∼ ωd. From analogy to the electromagnetic case, we expect
λGW ∼ (c/v) d. For slow motion v/c  1, thus λGW  d and the source
is located well within one wavelength. Historically, the region at a distance
r  λGW from the source, extending toR withR  λGW, has been denoted
the near zone, whereas the region which extends to r  λGW is denoted the
wave zone (see Fig. 6.2).
Using the conservation of the energy-momentum tensor at linear order in
G, that is ∂αT
αβ = 0, and expanding the integral (6.3) in powers of v/c, one
can obtain the gravitational field at linear order in G as a function of the
derivatives of the source multipole moments [30]. As originally derived by
Einstein [3] and then by Landau and Lifshitz, at lowest order in the wave-
generation formalism, the gravitational field in the transverse-traceless (TT)
gauge and in a suitable radiative coordinate system Xµ = (c T,X) reads
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Figure 6.2 Schematic diagram of an inspiraling binary showing various
scales used in the PN formalism.
(“far-field quadrupole formula”)
hTTij =
2G
c4R
∑
k,l
Pijkl(N)
[
d2
dT 2
Qkl
(
T − R
c
)
+O
(
1
c
)]
+O
(
1
R2
)
, (6.4)
where R =
√∑
iX
2
i is the distance to the source, N = X/R is the unit
vector from the source to the observer, and Pijkl = Pik Pjl − Pij Pkl/2 is
the TT projection operator, where Pij = δij − NiNj is the operator that
projects onto the plane orthogonal to N . The radiative coordinate system
Xµ can be related to the source-rooted coordinate system xµ = (c t,x) [73].
The source quadrupole moment at Newtonian order is
Qij(t) =
∫
source
d3x′ ρ(t,x′)
(
x′i x
′
j −
1
3
δij x
′2
)
, (6.5)
where ρ is the Newtonian mass density. The gravitational field (6.4) is gen-
erally referred to as Newtonian because the evolution of the quadrupole
moment of the source is computed using Newton’s law of gravity.
Several methods have been proposed for going beyond the leading-order
result to solve Eq. (6.2) approximately. In the near zone the solution hµν
can be written in terms of instantaneous potentials, while in the wave zone
retardation effects must be taken into account. Note that at higher orders
gravitational waves can themselves act as sources; so ταβ in Eq. (6.2) con-
tains both compact and non-compact support terms.
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The multipolar post-Minkowskian–post-Newtonian formalism: Early on Ep-
stein and Wagoner [82], and Thorne [30] proposed a PN extension of the
Landau-Lifshitz derivation and computed the O(v2/c2) corrections to the
quadrupole formula for binary systems. However, in their approach the for-
mal application of the PN expansion leads to divergent integrals. Building
on pioneering work by Bonnor et al. [83, 84] and Thorne [30], Blanchet and
Damour [34, 39, 85] introduced a GW generation formalism in which the cor-
rections to the leading quadrupolar formalism are obtained in a mathemat-
ically well-defined way. In this approach the wave-zone expansion, in which
the external vacuum metric is expanded as a multipolar post-Minkowskian
(MPM) series (i.e., a non-linear expansion in G), is matched to the near
zone expansion, in which a PN expansion (i.e., a non-linear expansion in
1/c) is applied, the coefficients being in the form of a multipole expansion.
The multipolar expansions employ a multipole decomposition in irreducible
representations of the rotation group. The gravitational field all over space
can be obtained by matching the near-zone to the wave-zone fields and the
matching can be accomplished at all orders, as shown by Blanchet and col-
laborators [86–89]. We shall denote this approach the MPM-PN formalism.
Wave-zone multipolar post-Minkowskian approximation: In the multipolar
post-Minkowskian expansion, as one moves away from a weakly self-gravitating
source, the spacetime quickly approaches the Minkowskian spacetime. At a
distance r from the source with mass M , the deviations from the metric
scale like rs/r with rs = 2GM/c
2. Thus, in the region d < r < +∞, one
can solve the vacuum Einstein equations iteratively in powers of G. Indeed,
one sets
√−ggαβ = ηαβ +Ghαβ1 +G2hαβ2 + · · · , that is hαβ =
∑
n=1G
nhαβn ,
substitutes this expression in the Einstein’s equations (6.1) in vacuum, ob-
taining
hαβ = Λαβ = Nαβ(h, h) +Mαβ(h, h, h) +O(h4) , (6.6)
and equates terms of the same order in G.
At linear order in G, the most general homogeneous solution satisfying
the harmonic gauge can be written in terms of symmetric trace-free tensors
(STF), which are a complete basis of the rotation-group’s representation,
that is hαβ1 =
∑
`=0 ∂L[K
αβ
L (t− r/c)/r] where L = i1 · · · i` denotes a multi-
index composed of ` STF indices i1, · · · , i`, ranging from 1 to 3. More explic-
itly, one finds that the most general solution satisfying the gauge condition
is given by hαβ1 = k
αβ
1 + ∂
αϕβ1 + ∂
βϕα1 − ηαβ∂ρϕρ1, where kαβ1 and ϕα1 can be
expressed in terms of two source multipole moments, {IL, JL}, that encode
properties of the source and four multipole functions, {WL, XL, YL, ZL}, that
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parameterise gauge transformations. Eventually, these six moments can be
reduced to two gauge-inequivalent canonical ones {ML, SL}. At quadratic
order in G, one needs to invert the equation hαβ2 = Nαβ(h1, h1). Because
hαβ1 is known only in the exterior region (r > d), one cannot employ re-
tarded or advanced Green functions for which it is necessary to know the
solution everywhere in space. However, at each finite PN order only a fi-
nite number of multipole moments contribute. So, one applies a multipolar
post-Minkowskian expansion outside the source for d/r < 1 and introduces
a regularisation to extend Nαβ(h1, h1) at the origin. Blanchet and Damour
proposed that at each order Gn the function Λαβn be multiplied by rB, B
being a complex number whose real part is positive and sufficiently large,
so that rBΛαβn is regular at the origin. Then, the solution of hαβn = rBΛαβn
is obtained by using retarded Green functions, analytic continuation in the
complex B-plane and extracting the coefficient of the zeroth power of r
(B = 0), that is uαβn = FPB=0
{
−1ret [rBΛ
αβ
n ]
}
, where FP stands for finite
part [34]. The most general solution is obtained by adding to the inhomoge-
neous solution uαβn the homogeneous solution v
αβ
n , such that the harmonic
gauge condition ∂αh
αβ
n = 0 is satisfied. Thus, h
αβ
n = u
αβ
n + v
αβ
n . The solu-
tion hαβn depends on the canonical multipole moments ML and SL, which
at this stage do not know anything about the matter source. They only
parameterise the most general solution of the Einstein equations in vacuum.
Near-zone post-Newtonian approximation: In the near zone one wants to
obtain the solution of Eq. (6.2) in a multipolar PN expansion. Expand-
ing hαβ and ταβ in powers of 1/c, that is hαβ =
∑
n=2
(n)hαβ/cn and
ταβ =
∑
n=−2
(n)ταβ/cn, substituting them in the Einstein equations (6.1)
and equating terms of the same order in 1/c, one finds the following re-
lation [80] ∇2[(n)hαβ] = 16piG [(n−4)ταβ] + ∂2t [(n−2)hαβ] ≡ (n)fαβ. If one
were solving the above differential equation via Poisson integrals, the pres-
ence of non-compact–support terms at some order in the PN expansion
would prevent the integral from converging at spatial infinity. The conver-
gence problem becomes even more severe when the multipolar expansion
1/|r − r′| = 1/r + r · r′/r3 + · · · is applied. These were the problems that
affected the original method of Epstein, Wagoner and Thorne. They were
overcome by applying a more sophisticated mathematical method to invert
the Laplacian and find the correct solution. This method is a variant of
the analytic continuation technique developed by Blanchet and Damour in
the wave zone, and it was carried out in [86–90]. Basically, one multiplies
the function (n)fαβ by rB, where B is a negative real number whose modu-
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lus is sufficiently large that the integral is regular at spatial infinity. Then,
the inhomogeneous solution is derived by analytic continuation in the com-
plex B-plane and extracting the coefficient of the pole at B = 0, that is
(n)uαβ = FPB=0
{
(∇2)−1[(n)fαβ rB]}. The most general solution is obtained
by adding the homogeneous solution (n)vαβ that is regular at the origin
r = 0, to the inhomogeneous solution, that is (n)hαβ = (n)uαβ + (n)vαβ. As
derived in [86–91], the solution in the near zone that matches the external
field and satisfies correct boundary conditions at infinity involves a specific
homogenous solution which can be expressed in terms of STF tensors as∑
`=0 ∂L[F
αβ
L (t− r/c)/r − FαβL (t+ r/c)/r] and it is fixed by matching it to
the post-Minkowskian solution. In the region d < r < R the multipolar PN
and post-Minkowskian series are both valid and one can resort to the stan-
dard method of matched asymptotic expansion to relate them, obtaining
the solution all over space, 0 < r < +∞. In particular, the matching allows
expression of the canonical multipole moments ML and SL (or the source
multipole moments {IL, JL,WL, XL, YL, ZL}) in terms of integrals that ex-
tend over the matter and gravitational fields described by the PN–expanded
ταβ.
Direct integration of the relaxed Einstein equations: A different formalism
that also cures the convergence issues that plagued previous brute-force,
slow-motion approaches to gravitational radiation from isolated sources, was
developed by Will, Wiseman and collaborators [54, 92, 93]. It is called the
Direct Integration of the Relaxed Einstein Equation (DIRE). It differs from
the MPM-PN approach in the definition of the source multipole moments.
In both formalisms, the moments are generated by the PN expansion of ταβ
in Eq. (6.2). However, in the DIRE formalism they are defined by compact-
support integrals terminating at the radius R enclosing the near zone, while
in the MPM-PN approach, as we have discussed, the moments are defined by
integrals covering the entire space and are regularised using the finite-part
procedure.
Gravitational waveform in the wave zone: When neglecting terms of order
1/R2 or higher, the general expression of the TT waveform that goes beyond
the leading-order term (6.4) reads
hTTij =
4G
c2R
∑
k,q
Pijkq(N)
+∞∑
`=2
1
c``!
[
NL−2UkqL−2 −
2`NmL−2 εmn(k Vq)nL−2
c(`+ 1)
]
,
(6.7)
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where the integer ` refers to the multipolar order, εijk is the Levi-Civita
antisymmetric symbol, parentheses denote symmetrisation and UL and VL
are the multipole moments at infinity (called radiative multipole moments),
which are functions of the retarded time T −R/c. The radiative multipoles
UL and VL can be expressed in terms of the canonical multipole moments ML
and SL as UL(T ) = d
`ML/dT
`+FL[M(T ′), S(T ′)] and VL(T ) = d`SL/dT `+
GL[M(T ′), S(T ′)] where FL and GL are multi-linear retarded functionals of
the full past behaviour, with T ′ < T . For example, the radiative mass-type
multipole reads
UL =
d`ML
dT `
+
2GM
c3
∫ ∞
0
dτ M
(`+2)
L (TR − τ)
[
log
(
cτ
2r0
)
+ κ`
]
+O
(
1
c5
)
,
(6.8)
where TR = T−R/c, r0 is an arbitrary length scale and κ` are constants. The
term at order 1/c3 in the equation above describes the effect of back scatter-
ing of the gravitational waves on the Schwarzschild-like curvature associated
with the total mass M of the source, the so-called tail terms [37, 94]. At or-
der 1/c5, one has another hereditary term called the memory term, which
is generated by non-linear interactions between multipole moments [42]. At
order 1/c6, tails back scatter again with the Schwarzschild-like curvature
generating tail-of-tail terms [95].
Gravitational-wave flux at infinity: The GW energy flux (or luminosity) L
can be expressed in terms of the radiative multipole moments. It reads:
L =
∑
`=2
G
c2`+1
[
(`+ 1)(`+ 2)
(`− 1)``!(2`+ 1)!!
(
dUL
dT
)2
+
4`(`+ 2)
c2(`− 1)(`+ 1)!(2`+ 1)!!
(
dVL
dT
)2]
. (6.9)
and at leading order, using Uij = d
2Qij/dT
2 + O(1/c3), the luminosity
reduces to the famous “Einstein quadrupole formula”
L = G
5c5
[
d3Qij
dT 3
d3Qij
dT 3
+O
(
1
c2
)]
. (6.10)
Gravitational radiation reaction: The gravitational radiation acts back on
the motion of the binary through a radiation-reaction force. To have an
explicit temporal representation of the waveform hTTij and the fluxes, one
needs to solve the problem of motion of the source, including radiation-
reaction effects. The first relativistic terms in the equations of motion, at the
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1PN order, were derived by Lorentz and Droste [96]. Then Einstein, Infeld
and Hoffmann obtained the full 1PN corrections using the surface-integral
method [97], in which the equations of motions are deduced from the vacuum
field equations and they are valid for any compact object (NS, BH, etc.).
Petrova [98], Fock [99] and Papapetrou [100] also obtained the equations
of motion for the centres of extended bodies at 1PN order. Kimura, Ohta
and collaborators introduced the ADM Hamiltonian formalism for doing PN
computations [101, 102] and started the computation of the equations of mo-
tion for nonspinning bodies at 2PN order [103, 104]. The equations of motion
for nonspinning point masses through 2.5PN order in harmonic coordinates
were obtained by Damour and Deruelle [31, 33], who built on the non-
linear iteration of the metric proposed by Bel et al. [105]. The gravitational
radiation-reaction force in the equations of motion at 2.5PN order made it
possible to unambiguously test general relativity through the observation of
the secular acceleration in the orbital motion of binary pulsars [106]. Quite
importantly, because of the effacement principle, the 2.5PN equations of
motion are independent of the internal structure of the bodies [107]. In fact,
the latter effect appears only at 5PN order for compact bodies. The 2.5PN
equations of motion for point masses were also derived using extended com-
pact objects by Kopeikin [108]. Itoh, Futamase and Asada [109] also com-
puted the equations of motion through 2.5PN order, using a variant of the
surface-integral method. In Table 6.1 we summarise the current status of
the computation of the two-body equations of motion.
Advances in regularisation method: In the MPM-PN approach the two bod-
ies are treated as point particles using delta functions. As a consequence,
singularities appear when computing the near-zone metric and the equations
of motion, because the gravitational field needs to be computed at the loca-
tion of the particles. Thus, it is necessary to introduce a regularisation. Until
the early 2000’s the Hadamard regularisation was employed [110], but it does
not provide unambiguous results at 3PN order, and so dimensional regular-
isation, which is a well-known regularisation scheme in particle physics, was
adopted [111].
Canonical Hamiltonian approach: Another analytical approach that has been
very effective in computing the two-body equations of motion at high PN
orders is the canonical Hamiltonian approach. The canonical Hamiltonian
formulation of GR was developed in 1958-1963 by Dirac [112–114], Arnowitt,
Deser, Misner (ADM) [115, 116], and Schwinger [117], with important con-
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tributions by deWitt [118], and Regge and Teitelboim [119] in the 60s and
70s. The original motivation of the formulation was the quantisation of GR.
Assuming asymptotically flat spacetime and an asymptotically Minkow-
skian reference frame, one considers the 4-dimensional metric gαβ and the
extrinsic curvature Kij of the spacelike hypersurface x
0 = const. The La-
grangian describing non-spinning point particles interacting gravitationally
is
L =
∑
A
pA
dxA
dt
+
∫
d3x(piijgij ,0−NαHα)−
∮
d2si ∂j(gij−gkkδij) , (6.11)
where the surface integral is computed at infinity on the spacelike hyper-
surface x0 = const, piij = −√g(Kij − gijK) is the variable conjugate to gij ,
K = gijKij , N0 = (−g00)−1/2 and Ni = g0i are the shift and lapse func-
tions, respectively, and Hα are the four-momentum densities, which depend
on the intrinsic curvature of the spacelike hypersurface x0 = const and on
the matter energy-momentum tensor. The Hamiltonian can be derived from
the Lagrangian through a Legendre transformation. It reads
H =
∫
d3xNαHα +
∮
d2si ∂j(gij − gkkδij) , (6.12)
where the second term on the right hand side is the usual ADM energy.
Variations of the Lagrangian (6.11) with respect to gij and pi
ij give the field
equations, while variations with respect toNα yields the constraint equations
Hα = 0. ADM introduced suitable coordinate conditions that allow solution
of the field and constraint equations for the metric coefficients such that they
become Minkowskian asymptotically. By adopting such a coordinate system
and imposing the constraint equations, one obtains the reduced Hamiltonian
Hreduced = E[h
TT
ij , pi
ij TT,xA,pA], which contains the full information for the
dynamical evolution of the canonical field variables hTTij and pi
ij TT and the
canonical particle variables xA and pA. The reduced Hamiltonian has been
explicitly computed by solving the constraint equations in a PN expansion
and by adopting a suitable regularisation procedure. It contains a matter
piece, an interaction piece that yields the radiation-reaction force, and a
radiation piece. The energy and angular momentum losses can be computed
through surface integrals in the wave zone. The ADM Hamiltonian has been
successfully extended to gravitationally interacting spinning particles using
a tetrad generalisation of the ADM canonical formalism. This allowed the
computation of spin-orbit and spin-spin couplings at quite high PN orders.
So far, the ADM Hamiltonian approach has been developed mostly for the
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conservative dynamics through high PN orders [32, 50, 51, 101, 102, 111,
120–126].
Effective-field theory approach: The two-body equations of motion and grav-
itational radiation have also been computed using Feynman diagrams, in GR
by Bertotti and Plebanski [127], Hari Dass and Soni [128], and in scalar-
tensor theories by Damour and Esposito-Farese [129]. An important turning
point occurred in 2006, when Goldberger and Rothstein proposed a more
systematic use of Feynman diagrams within effective field theory (EFT) to
describe non-relativistic extended objects coupled to gravity [130]. As dis-
cussed above, there are three relevant scales in the two-body problem: rs,
the internal structure scale or the size of the compact object; r, the orbital
separation, and λGW ∼ r(c/v), the radiation wavelength, where v is the
typical velocity of the body in the binary. To carry out calculations in a
systematic manner at high orders in v, Goldberger and Rothstein took ad-
vantage of the separation among those scales to set up a tower of effective
field theories that account for effects at each scale [131].
When using the EFT approach to describe the object’s size rs, one does
not need to resort to a specific model of the short-scale physics to resolve the
point-particle singularity. Instead, one integrates out the internal structure
of the object by matching onto an effective theory that captures the relevant
degrees of freedom. Thus, one systematically parameterises the ignorance of
the internal structure by building an effective point-particle Lagrangian that
includes the most general set of operators consistent with the symmetry of
GR (i.e., with general coordinate invariance). The operators in the point-
particle Lagrangian have coefficients which encapsulate the properties of
the internal structure of the extended objects. Moreover, short-distance di-
vergences can be regularised and renormalised using standard methods in
quantum field theory. Given a model for the internal structure, the value
of the coefficients in the point-particle Lagrangian can be adjusted by a
short-distance matching calculation so that they reproduce the observables
of the isolated object. The resulting effective point-particle Lagrangian cor-
rectly describes length scales all the way to the orbital separation r. Then,
to describe the binary problem at the scale r, it would be necessary to go
beyond the point-particle effective Lagrangian and integrate out all modes
of the graviton with wavelengths between the scales rs and r, so that one
obtains an effective Lagrangian of composite particles interacting with long
wavelength modes of the gravitational field.
So far, the EFT approach has recovered and confirmed the PN results that
were previously obtained with the MPM-PN, DIRE and ADM canonical
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Hamiltonian methods for the two-body equations of motion up to 3.5PN
order when spins are neglected [132, 133]. When spin effects are included,
the EFT approach has extended the knowledge of the conservative dynamics
and multipole moments to high PN orders [134–145].
Summary of results and final remarks: In Table 6.1 we summarise the im-
pressive current status of PN calculations for the conservative dynamics,
equations of motion and waveforms, for compact objects with and without
intrinsic rotation (or spin) and tidal effects. We indicate with n/2-PN the
PN term of formal order O(1/cn) relative to the leading non-spinning term4.
(For PN results of highly eccentric systems the reader may consult [73] and
references therein.)
In summary, during the last thirty years there has been tremendous progress
in the PN computation of the two-body equations of motion and gravita-
tional radiation. Results obtained using different analytical techniques (i.e.,
point particles described by Dirac delta-functions, surface-integral methods,
post-Minkowskian and PN expansions, canonical Hamiltonian formalism,
and EFT approach) have been compared with each other and agree. We
stressed at the beginning of Sec. 6.2 that Einstein did not conceive the
theory of GR starting from approximations to it. In spite of this, the PN
approximation to the two-body dynamics is able to capture all relevant fea-
tures of the weak-field, slow-motion dynamics and it can approximate quite
well the theory of GR as long as the motion of comparable-mass compact
objects is not highly relativistic and PN corrections at the highest order cur-
rently known are included. Future work at the interface between numerical
and analytical relativity will be able to determine more precisely the PN
region of accuracy, but this will imply doing very long NR simulations (i.e.,
simulations over hundreds of orbits) for generic binary configurations.
As we shall discuss in Sec. 6.3.4, current PN results allow us to compute
the GW phasing with sufficient accuracy to detect quasi-circular, neutron-
star inspirals and extract physical parameters if neutron stars carry mild
spins. Moreover, the knowledge of higher-order PN calculations has made
it possible to test the reliability of the PN expansion as the two bodies
approach each other and also understand the practicability of extending
those calculations at any PN order. It turns out that as one approaches the
last stages of inspiral crucial quantities that enter the computation of the
4
The spin of a rotating body is on the order S ∼ mlvrot, where m and l denote the mass and
typical size of the body, respectively, and where vrot represents the velocity of the body’s surface.
Here, we consider bodies which are both compact, l ∼ Gm/c2, and maximally rotating, vrot ∼ c.
For such objects the magnitude of the spin is roughly S ∼ Gm2/c.
6.2 Analytical approximation methods 21
Table 6.1 State-of-the-art of PN calculations for compact binaries with
comparable masses. We list main references that contributed to the current
accuracy. Unless otherwise specified, n/2-PN refers to the PN term of
formal order O(1/cn) relative to the leading non-spinning term.
No Spin Spin-Linear Spin-Squared Tidal
4PNa 3.5PN 3PN 7PNb
Conservative [121, 122, 133] [52, 54, 141] [52, 54, 138] [155–157]
Dynamics [126, 158–164] [140, 165–169] [137, 170–172]
Energy Flux 3.5PN 4PN 2PN 6PN
at Infinity [95, 173, 174] [175–178] [53, 54, 179–181] [182]
4.5PN 4PN 4.5PN 6PN
RR Force [37, 93, 183–185] [186–188] [189] [155]
Waveform 3.5PN 4PN 2PN 6PN
Phasec [190] [175, 177, 178] [54, 179–181, 191] [182, 192]
Waveform 3PNd 2PN 2PN 6PN
Amplitudee [194–197] [191, 198] [53, 54, 191, 198] [156, 182]
BH Horizon 5PN 3.5PN 4PNf −
Energy Fluxg [199] [200, 201] [200, 201] −
a Partial higher-order PN terms in the two-body energy for circular orbits have been computed
both analytically and numerically [146–151]. Bini-Damour work built on Refs. [152–154].
b 2PN tidal effects in the conservative dynamics are known explicitly only for circular orbits.
c We refer to quasi-circular orbits only.
d The −2 spin-weighted (2, 2) mode is known through 3.5PN order [193] .
e We refer to quasi-circular orbits only.
f Spin couplings beyond the squared ones have also been computed.
g We count the PN order with respect to the leading-order luminosity at infinity. BH horizon
flux terms start at 4PN and 2.5PN orders in the non-spinning and spinning case, respectively.
waveforms start being very sensitive to the PN truncation error, leading
to unreliable results. As we shall see below, by wisely combining different
analytical techniques one can avoid such shortcomings and further improve
the accuracy of the two-body dynamics and GW emission up to coalescence.
6.2.2 Perturbation theory and gravitational self force
Extreme–mass-ratio inspirals composed of a stellar-mass compact object or-
biting a supermassive or massive BH are promising sources for space-based
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and (future) ground-based detectors. The orbits are expected to be highly ec-
centric, non-equatorial and relativistic. To detect such binary systems and
extract the strong-field information encoded in the spacetime around the
larger body, one needs to model very accurately the equations of motion
of the smaller body orbiting the BH and develop a consistent, appropriate
wave-generation formalism. The PN framework, which is limited to slow ve-
locities, is not suitable in this case. One needs to include relativistic effects
at all orders and expand the field equations in the binary mass ratio (see
Fig. 6.1). Henceforth, we let m denote the mass of the small object, M the
mass of the central object and q = m/M the mass ratio. Typically, extreme
mass-ratio binaries have q <∼ 10−5. If gµν is the metric of the background
spacetime, the perturbation produced by the particle is hµν = gµν − gµν ,
where gµν is the metric of the perturbed spacetime. The metric perturba-
tion can be written as hαβ =
∑
n≥1 h
(n)
αβ with h
(n)
αβ ∝ qn. In the limiting
case of a very small test mass orbiting a heavy central mass, one works at
first order in q and obtains equations for the linear perturbations of the
background geometry roughly of the kind gh(1)αβ ∼ Tαβ[z] ∼ O(m), where
Tαβ is the energy-momentum tensor of the small body and z
µ its world-
line. [Essentially one obtains Eq. (6.1) with ηµν replaced by the background
metric gµν and the higher-order terms Λµν neglected.] Those equations were
derived in 1950’s and 1970’s for the metric perturbations by Regge-Wheeler
and Zerilli (RWZ) [202, 203] in the Schwarzschild case, and for the curvature
perturbations by Teukolsky [204] in the Kerr case. Using suitable gauges,
those equations (or variants of them [205]) can be integrated analytically,
for quasi-circular orbits, by PN expansion in powers of v/c, v being the
velocity of the small body, obtaining the gravitational radiation and lumi-
nosity at very high PN orders. (Strictly speaking one computes analytically
the Green function associated with the master equations.) In Table 6.2 we
summarise the current status of PN calculations in BH perturbation theory.
Furthermore, at leading order in the computation of the radiation field, one
can assume that the small test mass moves along an adiabatic sequence of
geodesics of the fixed background spacetime and compute the gravitational
radiation numerically solving the RWZ and Teukolsky equations [55, 56, 206–
208]. Much progress has been made in the last twenty years to evolve those
equations in a robust, accurate and fast way [209–216], and compute the
gravitational waveform h
(1)
αβ in the wave zone. Today, time-domain RWZ
and Teukolsky equations can compute not only the waveform emitted dur-
ing the very long inspiral stage, but also the plunge, merger and ringdown
stages [216–221].
6.2 Analytical approximation methods 23
Table 6.2 State-of-the-art of PN calculations in BH perturbation theory
(i.e., for an extreme mass-ratio compact binary) in the case of
quasi-circular orbits. We list main references that contributed to the
current accuracy. Unless otherwise specified, n/2-PN refers to the PN term
of formal order O(1/cn) relative to the leading non-spinning term.
No Spin Spin-Linear Spin-Squared
Energy Flux 22PN 4PN 4PN
at Infinity [55, 59, 222–226] [57, 58, 60] [60, 227]
BH Horizon 6PN 6.5PN 6.5PNa
Fluxb [152, 228, 229] [152, 229, 230] [152, 229, 230]
a Spin couplings beyond the squared ones are also present.
b We count the PN order with respect to the leading-order luminosity at infinity. BH horizon
flux terms start at 4PN and 2.5PN orders in the non-spinning and spinning case, respectively.
The perturbation sourced by the small test mass not only produces outgo-
ing radiation in the wave zone that removes energy and angular momentum
from the particle, but also produces a field in the near zone that acts on the
test mass (i.e., the GSF) and gradually diverts it from its geodesic motion.
Besides conservative terms, the GSF contains dissipative contributions that
are responsible for the radiation-reaction force. The finite-mass corrections
to the orbital motion due to the GSF are important for detection of ex-
treme mass-ratio binaries and extraction of parameters. Although at any
given time the GSF yields fractional corrections to the motion of the small
body on the order of q  1, these corrections accumulate over the very large
number of cycles (∼ 1/q), thus producing effects that cannot be neglected.
The computation of the GSF is not an easy task because the field gen-
erated by the particle’s motion diverges on the particle’s worldline. Indeed,
the gravitational field is infinite at the particle’s position. Thus, one first
needs to isolate the field’s singular part. Quite interestingly, a careful anal-
ysis shows that the singular piece does not affect the motion of the particle,
but only contributes to the particle’s inertia and it renormalises its mass.
The regular field is solely responsible for the GSF.
The case of a point electric charge moving in flat spacetime is well un-
derstood and dates back to work by Lorentz, Abrahams, Poincare´ and
Dirac [231]. The extension to curved spacetime has not been straightfor-
ward [232–234]. The proper definitions of the singular and regular Green
functions from the Hadamard elementary functions for the wave equation
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in curved spacetime were obtained only in 2003 by Detweiler and Whit-
ing [235]. In curved spacetime the GSF is non-local in time. It is given by
a tail integral describing radiation that is first emitted by the particle and
then comes back to the particle after interacting with the spacetime curva-
ture. Because the regular field that is fully responsible for the GSF satisfies
a homogeneous wave equation, it is a free radiation-field that interacts with
the particle and carries information about its past. We now follow [76] and
sketch the derivation of the GSF equation at first order.
The gravitational perturbations produced by a point particle of mass m
can be described by the trace-reversed potentials γµν = hµν−1/2(gρλhρλ)gµν .
Imposing the Lorenz gauge γµν;µ = 0, one finds that the trace-reversed po-
tentials satisfy the equation γαβ + 2R α βµ ν γµν = −16piGTαβ/c4, where
covariant differentiation uses the background metric gµν ,  = gµν∇µ∇ν ,
Tαβ being the point-mass’s energy momentum tensor. The solutions for
the potentials are obtained in terms of retarded Green functions G αβ+ µν as
γαβ(x) = 4m
∫
γ G
αβ
+ µν(x, z)u
µuνdτ where the integral is done on the body
worldline and uµ = dzµ/dτ . The perturbations hµν are derived by invert-
ing the equation γµν = hµν − 1/2(gρλhρλ)gµν . Furthermore, the equation of
motion of the small body are obtained: (i) imposing that the body follows
geodesics in the metric gµν of the perturbed spacetime, (ii) removing the
singular part hSµν from the retarded perturbation and (iii) postulating that
it is the regular part hRµν that acts on the small body. They read
aµ = −1
2
(gµν + uµuν)(2htailνλρ − htailλρν)uλuρ , (6.13)
with
htailµνλ = 4m
∫ τ−
−∞
∇λ(G+µνµ′ν′ − 1
2
gµνG
ρ
+ ρµ′ν′)(z(τ), z(τ
′))uµ
′
uν
′
dτ ′, (6.14)
where τ− = τ −  is introduced to avoid the singular behaviour when τ ′ = τ ,
z(τ) is the current position of the particle; all tensors with unprimed indices
are evaluated at the current position, while tensors with primed indices
are evaluated at prior positions z(τ ′). Finally, on the particle worldline the
regular field is hRµν;λ = −4m(u(µRν)ρλξ + uλRµρνξ)uρuξ + htailµνλ.
The equation of motion (6.13) was first derived in 1996 by Mino, Sasaki
and Tanaka [233], and then by Quinn and Wald [234]. It is known as the
MiSaTaQuWa equation of motion. It is important to notice that whereas in
the original derivation the MiSaTaQuWa equation appears as the geodesic
equation in the metric gµν + h
tail
µν , in the interpretation by Detweiler and
Whiting, it is a geodesic equation in the (physical) metric gµν + h
R
µν , which
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is regular on the worldline of the body and satisfies the Einstein equations in
vacuum. The derivation in [233, 234] is limited to point masses, but Gralla
and Wald [236], and Pound [237] demonstrated that the MiSaTaQuWa equa-
tion applies to any compact object of arbitrary internal structure. The MiS-
aTaQuWa equation of motion is not gauge invariant [238] and relies on the
Lorenz gauge condition. To obtain physically meaningful results, one needs
to combine the MiSaTaQuWa equation of motion with the metric perturba-
tions hµν to obtain gauge invariant quantities that can be related to physical
observables.
Although considerable progress has been made in the last several years
to develop methods to calculate the metric perturbation and GSF at first
order [238, 239], the majority of the work has focused on computing the
GSF on a particle that moves on a fixed worldline of the background space-
time — for example for a static particle [240], radial [241], circular [242, 243]
and eccentric [244, 245] geodesics in Schwarzschild. Methods to compute the
GSF on a particle orbiting a Kerr BH have been proposed (e.g., see [246])
and actual implementations are underway. Recently, [247] has carried out
the first calculation, in Schwarzschild spacetime, that takes into account
changes in the particle’s worldline as the GSF acts on the particle. It is im-
portant to stress that it is computationally very intensive to integrate the
Einstein equations for very long inspiraling orbits. For this reason approx-
imation methods have also been developed. Assuming that secular effects
associated with the GSF accumulate on time scales much longer than the
orbital period, one can employ the adiabatic approximation [248–252], which
uses a field that is sourced by a geodesic and neglects periodic effects and the
conservative portion of the GSF. For some choices of the binary parameters
the adiabatic approximation can be sufficiently accurate for detection, but
it has been shown [253] to be generically inaccurate for extracting binary
parameters.
The GSF program is not yet complete. To obtain sufficiently accurate
templates produced by extreme mass-ratio binaries, the GSF needs to be
computed at first order in q, but the gravitational energy flux at second
order in q. This implies that the metric perturbations need to be computed
at second order. The formalism to derive metric perturbations at second
order has been developed [254–256], calculations are underway and might
be completed in a few years. Nevertheless, steady advances in the knowledge
of the GSF have already been used to derive interesting, physical effects and
higher-order PN terms, as we now discuss.
Barack and Sago [244] combined the conservative pieces of the GSF and
metric perturbations to calculate the frequency shift in the innermost, stable
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circular orbit that originates from the GSF of the small body in Schwarzschild
spacetime (see [257] for the extension to the Kerr spacetime). In [258] a sim-
ilar shift was computed in the rate of periastron advance for eccentric orbits.
In 2008 Detweiler pointed out [243] that the time component of the veloc-
ity vector, ut, of a small test mass in the Schwarzschild spacetime is gauge
invariant with respect to transformations that preserve the helical symme-
try of the perturbed spacetime. The inverse of ut is an observable, as it is
the gravitational redshift experienced by photons emitted by the orbiting
body and observed at a large distance on the orbital axis. The redshift has
been computed numerically through a GSF calculation as a function of the
(gauge invariant) orbital frequency and it has been compared to analytical
predictions [146, 150, 151] and used to extract yet unknown higher-order
PN terms beyond the test-particle limit [146, 147, 149, 259, 260]. The latter
was possible through the first-law of binary BH dynamics [147, 260, 261].
Quite importantly, the redshift factor has been shown to be simply related to
the binding energy and angular momentum of circular-orbit binaries [260].
Thus, the knowledge of the redshift can be employed to compute relativis-
tic effects linear in q in the (specific) binding energy and angular momen-
tum [148, 262, 263]. Other dynamical invariants have also been derived [264–
266].
Lastly, in the absence of GSF results at second order in q and of compar-
isons to NR simulations for intermediate mass-ratio binaries, it is difficult to
assess the region covered by GSF results in Fig. 6.1. It is generally believed
that the knowledge of relativistic effects at first order in q in the conser-
vative dynamics and second order in q in the dissipative sector would be
able to describe only waveforms from extreme-mass ratio inspirals having
q <∼ 10−5. However, results at the interface between GSF, PN theory and
NR, are suggesting that leading order GSF results may have a much larger
range of validity including intermediate mass-ratio binaries and perhaps even
comparable mass binaries when q is replaced by the symmetric mass ratio
mM/(m+M)2 [267–269]. Approximations to GR continue to be surprisingly
successful.
6.2.3 The effective-one-body formalism
In 1998-2000, motivated by the construction of LIGO and Virgo detectors
and the absence of merger waveforms for comparable-mass binary BHs from
NR, an analytical approach that combines the PN expansion and perturba-
tion theory, known as the effective-one-body (EOB) approach [65, 66], was
introduced. This novel approach was aimed at modeling analytically both
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the motion and the radiation of coalescing binary systems over the entire bi-
nary evolution (i.e., from the inspiral to the plunge, then the merger and the
final ringdown). Several predictions [66, 270] of the EOB approach has been
broadly confirmed by the results of NR simulations. These include: (i) the
blurred, adiabatic transition from the inspiral to a plunge, which is merely a
continuation of the inspiral, (ii) the extremely short merger phase, (iii) the
simplicity of the merger waveform (i.e., the absence of high-frequency fea-
tures in it, with the burst of radiation produced at the merger being filtered
by the potential barrier surrounding the newborn BH), (iv) estimates of
the radiated energy during the last stages of inspiral, merger and ringdown
(0.6% to 5% of the binary total mass depending on BH spin magnitude) and
spin of the final BH (e.g., 0.8M2BH for an equal-mass binary, MBH being the
final BH mass), and (v) prediction that a Kerr BH will promptly form at
merger even when BHs carry spin close to extremal. Soon after its inception,
the EOB model was extended to include leading-order spin effects [271] and
higher-order PN terms that meanwhile became available [272].
We now describe how the EOB formalism is able, in principle, to predict
the full waveform emitted by coalescing binary systems using the best in-
formation available from analytical relativity. In Sec. 6.3.4, we shall show
that the EOB approach can be made highly accurate by calibrating it to NR
simulations, so that it can be used for detection and parameter estimation
by ground- and space-based GW detectors.
There are three key ingredients that enter the EOB approach: (i) the con-
servative, two-body dynamics (or Hamiltonian), (ii) the radiation-reaction
force and (iii) the gravitational waveform emitted during inspiral, merger
and ringdown. In building these ingredients the EOB formalism relies on
the assumption that the comparable-mass case is a smooth deformation of
the test-particle limit. Moreover, each ingredient is crafted through a resum-
mation of the PN expansion to incorporate non-perturbative and strong-
field effects that are lost when the dynamics and the waveforms are Taylor-
expanded in PN orders. The construction of the three ingredients leveraged
on previous results. The finding of the EOB Hamiltonian was inspired by
results in the 1970’s aimed at describing the binding energy of a two-body
system composed of comparable-mass, charged particles interacting elec-
tromagnetically [273]. The resummation of the radiation-reaction force was
initially inspired by the Pade´ resummation of the energy flux [274]. The
description of the merger-ringdown waveform was inspired by results in the
1970’s on the radial infall of a test particle in a Schwarzschild BH [275],
where it was found that the direct gravitational radiation from the particle is
strongly filtered by the potential barrier once the test particle is inside it. The
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construction of the EOB merger-ringdown waveform was also inspired by re-
sults in the close-limit approximation [276], in which one switches from the
two-body to the one-body description close to the peak of the BH potential
barrier. The recent description of the EOB inspiral-plunge waveform [277]
was inspired by the multiplicative (or factorised) structure of the waveform
in the test-particle limit case. We now review the three basic ingredients.
In the physical, real description, the centre-of-mass conservative dynam-
ics of two particles of masses m1 and m2 and spins S1 and S2 is described
by the PN-expanded Hamiltonian HPN(Q,P ,S1,S2), where Q and P are
the relative position and momentum vectors. The basic idea of the EOB
approach is to construct an auxiliary, effective description of the real con-
servative dynamics in which an effective particle of mass µ = m1m2/(m1 +
m2) and effective spin S∗(S1,S2) moves in a deformed, Kerr-like geometry
geffµν(M,SKerr; ν), with mass M = m1 +m2 and spin SKerr(S1,S2), such that
the effective conservative dynamics is equivalent (when expanded in powers
of 1/c) to the original, PN-expanded dynamics. The deformation parameter
is the symmetric mass ratio ν = µ/M , ranging from ν = 0 (test particle
limit) to ν = 1/4 (equal masses). Exactly solving the problem of a spinning,
effective particle in this deformed, Kerr-like geometry amounts to introduc-
ing a particular non-perturbative method for re-summing the PN-expanded
equations of motion.
As done originally in [65], even if the problem is purely classical, it is quite
instructive to obtain such a mapping between the real and effective dynamics
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by thinking quantum mechanically. For simplicity, let us restrict ourselves
to non-spinning particles. Instead of considering the classical Hamiltonians
Hreal(Q,P ) and Heff(q,p) and their bounded orbits, we consider the energy
levels Ereal(Nreal, Jreal) and Eeff(Neff , Jeff) of the quantum bounded states
associated with the Hamiltonian operators. The energy levels depend on the
principal quantum number N and the total-angular-momentum quantum
number J , and they can be computed in a gauge-invariant manner within the
Hamilton-Jacobi formalism, where N and J correspond to classical action
variables. We sketch in Fig. 6.3 the real and effective descriptions. Because
in quantum mechanics the action variables are quantised in integers, it is
most natural to map the real and effective descriptions, requiring that the
quantum numbers be the same (i.e., imposing Nreal = Neff and Jreal =
Jeff), but allowing the energy axis to change. Doing the mapping explicitly,
[65] found the following, simple relation between the real and effective non-
relativistic energies (Enrreal ≡ Ereal − Mc2 and Enreff ≡ Eeff − µc2) Enreff =
Enrreal[1 + ν/2 (E
nr
eff/µc
2)], which can be re-written as
Eeff
µc2
=
E2real −m21c4 −m22c4
2m1m2c4
. (6.15)
Remarkably, the relation (6.15) coincides with the one found in quantum
electrodynamics [273], resumming part of the Feynman diagrams when map-
ping the one-body relativistic Balmer formula onto the two-body one, which
describes charged particles of comparable masses interacting electromag-
netically (e.g., positronium). (The mapping between the effective and real
Hamiltonians can be also obtained through a suitable canonical transfor-
mation [65].) The improved resummed or EOB Hamiltonian, obtained by
inverting the expression Eq. (6.15), reads [65]
HEOB = Mc
2
[√
1 + 2ν
(
Heff
µc2
− 1
)
− 1
]
, (6.16)
with
Heff(r,p) = µc
2
√
A(r)
[
1 +
p2
µ2c2
+ (B(r)−1 − 1) (n · p)
2
µ2c2
+Q4(p)
]
,
(6.17)
where A(r) and B(r) are the radial potentials of the effective metric ds2eff =
−A(r) c2dt2 +B(r) dr2 + r2dΩ2 and Q4(p) is a non-geodesic term quartic in
the linear momentum that appears at 3PN order [272]. The metric potentials
differ from the Schwarzschild ones by terms proportional to ν. They can be
computed in a PN series by matching the effective and real dynamics, thus
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Ak(r) =
∑k+1
i=0 ai(ν)/r
i and Bk(r) =
∑k
i=0 bi(ν)/r
i. The EOB Hamilton
equations read
dr
dt
=
∂Hreal
∂p
,
dp
dt
= −∂Hreal
∂r
+F , (6.18)
where F denotes the radiation-reaction force that can be expressed, assum-
ing the energy balance equation and quasi-circular orbits, in terms of the GW
energy flux at infinity [66, 274] and through the BH horizons [278, 279]. Using
−2 spin-weighted spherical harmonics −2Y`m(θ, φ), the gravitational polari-
sations can be written as h+(θ, φ; t)−ih×(θ, φ; t) =
∑
`,m −2Y`m(θ, φ)h`m(t).
The most recent description of the EOB inspiral-plunge modes proposed in
[217, 277] read (symbolically)
hinsp-plunge`m (t) = h
(N,)
`m Sˆ
()
eff T`m e
iδ`m f`mN`m , (6.19)
where the term h
(N,)
`m is the leading Newtonian mode,  denotes the parity of
the mode, the factor T`m resums the leading order logarithms of tail effects,
the term eiδ`m is a phase correction due to sub-leading order logarithms,
while the function f`m collects the remaining PN terms. Finally, the term
N`m is a non-quasi-circular correction that models deviations from quasi-
circular motion [280], which is assumed when deriving all the other factors
in Eq. (6.19).
Inspired by results in the 1970’s [275], the EOB approach assumes that
the merger is very short in time, although broad in frequency, and builds
the merger-ringdown signal by attaching a superposition of quasi-normal
modes (QNMs) [66] to the plunge phase of the signal. Following the close-
limit result [276], in a first approximation the plunge and QNM signals are
matched at the light ring (i.e., at the unstable photon circular orbit), where
the peak of the potential barrier around the newborn BH is located. Thus,
the EOB merger-ringdown waveform is built as a linear superposition of
QNMs of the final Kerr BH [66, 281]
hmerger-RD`m (t) =
N−1∑
n=0
A`mn e
−iσ`mn(t−t`mmatch) , (6.20)
where N is the number of overtones [282, 283], A`mn is the complex am-
plitude of the n-th overtone, and σ`mn = ω`mn − i/τ`mn is the complex
frequency of this overtone with positive (real) frequency ω`mn and decay
time τ`mn. The complex QNM frequencies are known functions of the mass
and spin of the final Kerr BH.
Finally, the full inspiral-plunge-merger-ringdown EOB waveform is ob-
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Figure 6.4 Gravitational waveform (upper panel), GW and twice orbital-
angular frequencies (lower panel) from inspiral, plunge, merger and ring-
down stages of a non-spinning, equal-mass binary BH as predicted in the
EOB approach [65, 66].
tained by joining the inspiral-plunge waveform hinspiral-plunge`m (t) and the merger-
ringdown waveform hmerger-RD`m (t) at the matching time t
`m
match as [66]
hEOB`m (t) = h
inspiral-plunge
`m (t) θ(t
`m
match− t) +hmerger-RD`m (t) θ(t− t`mmatch) , (6.21)
where θ(t) is the Heaviside step function. For t > tmatch the GW emission
is no-longer driven by the orbital motion, but by the ringing of spacetime
itself and the production of QNMs.
In Fig. 6.4 we show in the top panel the first, full EOB waveform for
a non-spinning, equal-mass binary BH obtained in [66] (see [270] for first,
full EOB spinning, precessing waveforms). In the lower panel we show the
EOB GW and twice orbital-angular frequencies, the former flattening at
late times at the least damped QNM of the newborn BH, the latter having
a peak around the EOB light ring. During the inspiral and plunge stages
the GW emission is driven by the motion of the effective particle. As the
effective particle passes through the EOB light ring, the direct GW emission
from the effective particle is filtered by the potential barrier around the
newborn BH, and the GW radiation is driven by the perturbed spacetime
geometry through the emission of QNMs. Soon after the NR breakthrough,
[281] compared EOB to NR waveforms finding very reasonable agreement for
the late inspiral, plunge, merger and ringdown stages. In particular, the EOB
light ring was found to be located very close to the peak of the NR waveform
and close to the location of the common apparent horizon, supporting the
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idea that GW radiation is quickly described by a superposition of QNMs as
the two BHs merge. In Sec. 6.3.4 we shall discuss more recent, sophisticated
comparisons and also calibrations of EOB waveforms. The EOB inspiraling
dynamics has been compared directly to the one produced in NR simulations
through the computation of the periastron advance and the binding energy.
The agreements are remarkable [267, 284, 285], even when no information
from NR is used to improve the EOB model.
The possibility of analytically modeling the merger waveform in the EOB
approach stems from the waveform’s simplicity. Does the simplicity imply
that nonlinearities of GR do not play an important role? Not at all. Com-
parisons between numerical and analytical PN and EOB waveforms during
the last 15–20 orbits of evolution have demonstrated that the best agree-
ment with NR results is obtained when corrections up to the highest PN
order available today are included. Thus, as expected, non-linear effects are
present and dominant in the strong-field regime. The waveform simplicity is
the result of (i) the presence of only one characteristic scale close to merger,
when radiation reaction, orbital and spin precession time scales become of
the same order of magnitude, (ii) the formation of a potential barrier around
the newborn BH filtering the direct radiation from the merger burst, and (iii)
the highly dissipative nature of disturbances in the BH spacetime because
of QNMs.
The EOB conservative dynamics and waveforms have been extended to
spinning BHs in [271, 286–291] and [292], respectively. In particular, mo-
tivated by the construction of a EOB Hamiltonian for spinning systems,
that reduces to the Hamiltonian of a spinning particle in the extreme-mass
ratio limit, [287] worked out, for the first time, the Hamiltonian of a spin-
ning particle in curved spacetime at all orders in PN theory and linear in the
particle’s spin. The EOB approach has also been extended to NS binary sys-
tems, incorporating tidal effects in the dynamics and waveforms [156, 157].
To gain more insight and improve the transition from merger to ring-
down [216, 217, 219–221] combined the EOB approch to numerical studies
in BH perturbation theory. Concretely, they used the EOB formalism to
compute the trajectory followed by an object spiraling and plunging into
a much larger BH, and then used that trajectory in the source term of ei-
ther the time-domain RWZ [202, 203] or Teukolsky equation [204]. Solving
those equations is significantly less expensive than evolving a BH binary in
full numerical relativity. The possibility of using the test-particle limit to
infer crucial information about the merger waveform of bodies of compara-
ble masses follows from the universality of the merger process throughout
the binary parameter space. The EOB approach has also been employed to
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generate quasi-circular, equatorial, very long, inspiraling waveforms in the
extreme mass-ratio limit, with accuracy comparable to the ones produced
by the Teukolsky-equation code [293, 294]. Finally, the EOB formalism has
been improved by taking advantage of important developments in the GSF
formalism and its interface with PN theory [260]. In particular, using those
results, the potentials entering the EOB metric have been derived at PN
orders higher than previously known [148, 163, 262, 295].
6.3 Compact-object binaries
Binary systems of compact objects5 are the prime target for observation of
almost all GW detectors. Loss of energy and angular momentum to GWs
causes the companion stars of a binary system to spiral in toward each other,
making the system more relativistic, in turn leading to a greater luminosity
and a faster rate of inspiral. Indeed, a binary is a good example of a positive
feedback system wherein radiation back-reaction makes the system more
luminous. After evolving adiabatically over millions of years, in the end, the
two stars merge in a violent event, emitting extremely luminous gravitational
radiation.
The leading order expression for the GW luminosity of a system, Eq.
(6.10), can be used to make an order of magnitude estimate of how bright
compact binaries can be and why they are the prime sources of GWs. To
leading order the luminosity of a system composed of masses m1 and m2
(total mass M = m1 + m2), separated by a distance d, on a circular orbit
can be worked out from Eq. (6.10) to be [73] L = (32c5ν2/5G)(v/c)10,
where ν = m1m2/M
2 is the symmetric mass ratio and v =
√
GM/d is the
orbital velocity. L is a steep function of v and depends quadratically on
the mass ratio. Therefore, the source luminosity is greatest necessarily for
relativistic, comparable mass systems. Most binary systems in the Universe
are asymmetric in mass and far from being relativistic: for the Jupiter-
Sun system v/c ∼ 3 × 10−5 (and ν ∼ 10−3), for the Hulse-Taylor binary,
J1913+16, v/c ∼ 10−3 [13] and for the AM CVn system RX J0806+1527
[296, 297] — the most luminous source of GWs known today and expected
to be observable in eLISA [298] — it is v/c ∼ 4× 10−3.
Neutron stars and BHs are the most compact objects in the Universe, with
orbital velocities that can reach close to the speed of light; therefore, the
most luminous sources are also the most compact and strongly-gravitating
systems. Indeed, when BH binaries merge v/c ∼ 1/√2 (see, e.g., Eq. (3.2) of
5
Compactness of a body of mass M and size rs is defined as C ≡ GM/(c2rs). For BHs CBH = 0.5,
for NSs, depending on the EoS, CNS ∼ 0.2–0.4, while for the Sun C  1.
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[299]) and luminosities could reach the phenomenal levels of ∼ 4×1050 W ∼
1024 L, independent of the total mass of the binary.
6.3.1 Characteristic evolution time scales and strain amplitude
A binary predominantly emits GWs at twice its orbital frequency. As the
system loses angular momentum and energy to gravitational radiation its
frequency increases. Noting that the luminosity in GWs is balanced by the
loss in binding energy E = −νMv2/2, that is L = −E˙, at leading order in
the PN expansion, the orbital angular frequency evolution reads
ω˙ =
E˙
dE/dω
=
96
5c5
(GM)5/3ω11/3, (6.22)
where we have substituted v = (GMω)1/3. The quantity M ≡ ν3/5M is
called the chirp mass and it turns out that at leading PN order a number
of quantities depend on this specific combination of the component masses.
Starting from a certain initial angular frequency ω0, the time τ it takes for
the system to merge (i.e., ω →∞) can be estimated from τ = ∫∞ω0 dω/ω˙ :
τ =
5c5 ω
−8/3
0
256 (GM)5/3 ' 1000 s
(
1.22M
M
)5/3(10 Hz
f0
)8/3
, (6.23)
where f0 = ω0/pi is the GW frequency, equal to twice the orbital frequency,
and a chirp mass of 1.22M corresponds to a binary consisting of two 1.4M
NSs. The Hulse-Taylor binary, with two NSs of masses ∼ 1.4M each and
orbital period of 7.75 Hrs, will merge in about 300 million years6, its cousin
J0737-3039 [300], with NSs of masses 1.35M and 1.25M and orbital pe-
riod of 2.5 Hrs, will merge in 85 million years, while J0806+1527, with two
white dwarfs of roughly 0.5M and orbital period of 321 s, will merge in
∼ 0.5 Myr.
For a source at a distance R from Earth, we can estimate the strain
amplitude h from its luminosity. Comparing Eqs. (6.4) and (6.10) we can
approximate L ∼ c3(Rh˙)2/20G. Writing h˙ ∼ ω h, it follows that at leading
order in the PN expansion
h ∼
√
32
pic4
(GM)5/3ω2/3
R
. (6.24)
For a NS binary at 100 Mpc the amplitude of the waveform at 100 Hz is
h ∼ 4× 10−23.
6
The Hulse-Taylor binary has quite a large eccentricity (e ' 0.62), which needs to be taken into
account while computing the merger time scale.
6.3 Compact-object binaries 35
100 102 104 106 108 1010 1012
mass (solar mass)
10-8
10-6
10-4
10-2
100
102
104
fre
qu
en
cy
 (H
z)
44 QNM freq.
33 QNM freq.
22 QNM freq.
LSO freq.
1 min to merge
1 day to merge
3 yr to merge
1 day to chirp
1 yr to chirp
30 yr to chirp
gr
ou
nd
PT
A
sp
ac
e
 
 
 inside a black hole:
no radiation expected
 
 
 
 
 
 non-chirping binaries:
change in frequency < 1 nHz
BBH
IMBBH
MBBH
SMBBH
BNS
Figure 6.5 Frequency-mass diagram for equal-mass compact binaries.
6.3.2 Frequency-mass diagram
In Fig. 6.5 we plot several characteristic frequencies of equal-mass systems
on (quasi-)circular orbits and illustrate time scales over which they evolve.
The frequency range 1 nHz–100 nHz is targeted by pulsar timing arrays
(PTA), 30 µHz–1 Hz by space-based interferometers and 1 Hz–10 kHz by
ground-based or underground detectors. Dotted lines are frequencies starting
from which a binary would last for 1 min, 1 day and 3 years until merger.
As a binary evolves, its orbital frequency changes. For equal-mass sources
that begin above the “30 yr (1 yr, 1 day) to chirp” line, it will be possible
to measure their chirp mass and luminosity distance after a 30-year (1-yr,
1-day) observational period; for systems that begin below the “30 yr (1 yr,
1 day) to chirp” line, it will not be possible to infer the two quantities even
after 30 years (respectively, 1 yr and 1 day).
During the final stages of the evolution, the component stars of a binary
are no longer able to stay on stable orbits. They plunge towards each other
when the orbital frequency is larger than a certain value, which we assume,
for simplicity, to be that corresponding to the last stable orbit (LSO) of a
Schwarzschild BH, i.e. fmerge ' c3/(63/2piGM) ' (M/10M)−1 440 Hz. A
binary’s GW luminosity reaches its peak soon after it reaches the LSO. The
merged object in all cases, except for very low total-mass NS binaries, is
a highly deformed BH that quickly settles down to a quiescent Kerr state,
emitting a characteristic spectrum of damped sinusoidal GWs — the quasi-
normal modes (QNMs) [301]. The complex frequencies of the QNMs depend
on the mass and spin of the final BH. Figure 6.5 shows, for a non-spinning
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BH, frequency of the dominant quadrupole mode (i.e., ` = 2, m = 2 mode
labeled ‘22 QNM freq.’) and two of the higher-order modes (labelled “33
QNM freq.” and “44 QNM freq.”, see [282] for QNM frequencies) that are
expected to carry a significant amount of energy. Although BHs have an
infinite sequence of modes of higher frequencies, numerical simulations of
BH mergers reveal that they are devoid of any appreciable energy in modes
with ` > 4 [302] and so we do not expect sources to radiate significantly in
the top shaded region.
6.3.3 Zoo of compact-object binaries
Compact binaries occur in a very large range of masses and mass ratios.
In Fig. 6.5 we show a few examples, but only for equal-mass, non-spinning
systems: (i) a NS binary of total mass 3M (BNS) that would be visible for
about 15 minutes from 10 Hz in aLIGO/AdV and a few days from 1 Hz in
ET, and it would chirp up in far less than a day from 1 Hz, (ii) a 20 M BH
binary (BBH) that lasts for almost 40 seconds from 10 Hz in aLIGO/AdV
and ∼ 5 hours from 1 Hz in ET, (iii) a 103M intermediate-mass BH binary
(IMBBH) that would chirp up in just one day from 3 mHz, but takes 3 years
to merge, sweeping the bands of both eLISA and ground-based detectors,
(iv) a 2×106M massive BH binary (MBBH) in the eLISA band that would
chirp up in less than a year, but takes 3 years to merge, starting at 30 µHz
and (v) a 3× 1011M supermassive BH binary in the PTA band that takes
100’s of years to merge, but would just chirp up in 30 years.
Stellar-mass binaries: Binaries of stellar-mass compact objects could con-
tain two NSs, a NS and a BH or two BHs. Advanced LIGO and Virgo are
well positioned to observe all such systems. In the case of a binary com-
posed of two NSs the merger dynamics can be quite complex and depends
on the binary’s total mass M, the mass of the final remnant Mf and the
maximum NS mass MNSmax allowed by the (unknown) NS EoS. For majority
of mergers the final remnant is expected to be a BH with or without an ac-
cretion disk, except on rare occasions when Mf < M
NS
max, the final remnant
can be a NS [303–305]. A BH with an accretion disk might promptly form if
MNSmax < M <∼ 3M and the component masses are different from each other.
However, if MNSmax < M <∼ 3M and the component masses are similar, a
transient object called a hypermassive NS may form [304, 306]. The hyper-
massive NS is expected to be a non-axisymmetric ellipsoid supported against
collapse by a combination of thermal pressure and differential rotation [305]
and can delay BH formation for 1 ms to 1 s [305, 307]. This phase could wit-
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ness quite a lot of rotational energy emitted as GWs, with a spectrum that
is characteristic of the NS EoS [308, 309]. A BH without an accretion disk
is not a very likely outcome, but it can happen if M >∼ 3M [303, 304, 310].
The hypermassive NS phase and BHs with accretion disks could both be
accompanied by significant emission of electromagnetic radiation [311].
In the case of NS-BH binaries and binary BHs, the merger essentially
produces a highly deformed BH that quickly settles down to a quiescent
Kerr state by emitting QNM radiation. In the case of NS-BH mergers with
mild mass ratios (say, mNS/mBH>∼ 1/3 for a non-spinning BH), the NS is
tidally disrupted before the LSO and forms an accretion disk, which can
generate electromagnetic signals; for smaller mass ratios the NS directly
plunges into the BH without forming an accretion disk [312–314].
It is apparent from Fig. 6.5 that every binary in the band of ground-
based detectors will merge within just a few days. How many such mergers
might we expect each year within a given volume of the Universe? From
the small number of observed pulsar binaries it is not possible to reliably
estimate the merger rate. The estimated median rate is about one event
per year in 100 Mpc3, but it could be a factor 100 smaller or 10 greater
due mainly to uncertainties in the distance to radio pulsars, their radio
luminosity function, opening angle of the radio beam and incompleteness of
radio surveys [315]. Rate predictions based on the evolution of populations of
massive-star binaries (called population synthesis) is also highly uncertain
due to poor knowledge of the relevant astrophysics (e.g., supernova kick
velocities and stellar metallicity). The upshot of these predictions is that
aLIGO, with a horizon distance7 of ∼ 450 Mpc for binary NS mergers,
might observe between 0.4 to 400 mergers per year [315].
There is currently no evidence for compact binaries in which one or both
of the components is a BH. Population synthesis models predict a median
rate of 5 binary BH mergers and 30 NS-BH mergers per Gpc3/year; also
in this case the uncertainties are large. Advanced LIGO, with a horizon
distance of 2.2 Gpc and 930 Mpc for these sources, could detect 10 and 20
mergers per year, respectively [315]. Metallicity of stars plays a key role in
the evolution of massive stars. Black holes could be far more common in the
Universe for low metallicities because stars would lose far less of their mass
by stellar wind due to lower opacities and lead to more massive remnants
towards the end of main sequence evolution. Expected binary BH detection
7
The horizon distance of a detector is defined as the distance at which a face-on binary located
directly above the plane of the detector produces a SNR of 8. The reach of a detector is the
distance at which a randomly oriented and located source produces the same SNR; the reach of
a detector is a factor 2.26 smaller than its horizon distance [316]. A detector has roughly 50%
efficiency, i.e. is able to see half of all sources, within its reach [316].
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Figure 6.6 Sources of GWs for the ground-based detectors iLIGO, aLIGO
and ET. For continuous waves and stochastic backgrounds the character-
istic amplitude of the signals are plotted assuming an integration time of
1 year.
rates in aLIGO for low metallicities are a factor 10 larger [317] and binary
NS rates a factor 10 smaller. More recently, it has been noted that high mass
X-ray binaries, such as IC10 X-1 and NGC300 X-1, could be progenitors of
BH binaries, in which case their merger rate could be far higher [318].
Supermassive and intermediate-mass black-hole binaries: There is growing
evidence that certain galactic nuclei contain binary supermassive BHs [319]
and eLISA would observe binary mergers if their total mass is in the range
104–107M (see Fig. 6.5). The merger rate of binaries of interest to eLISA is
highly uncertain. This is because there are only a handful of such candidate
binaries that would merge within the Hubble time [320]. eLISA could observe
∼ 10-100 mergers per year, depending on the model that is used for the
formation and growth of massive BHs [321, 322]. PTAs are expected to detect
in five years or more the background produced by a population of > 107M
supermassive BH binaries [323]; while they are not likely to observe mergers,
they could detect individual systems if binaries of appropriate masses exist
at redshifts z ∼ 0.1-1, with orbital periods of ∼ 1-30 years [324].
Although there is strong observational evidence for the existence of stellar-
mass (5-30 M) and supermassive (>∼ 106M) BHs, little is known about
BHs of intermediate mass ∼ 102–105M, not to mention their binaries.
However, there are hints that certain ultra-luminous X-ray sources (e.g.,
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Figure 6.7 Sources of GWs for the space-borne detectors LISA and eLISA.
For double white dwarfs, AM CVn systems, X-ray binaries and the stochas-
tic background, the characteristic amplitude is computed assuming an in-
tegration time of 1 year.
HLX-1 in ESO 243-49 [325]) might host intermediate mass BHs. If a popu-
lation of such objects exists and they grow by merger of smaller BHs, then,
depending on their masses, ET and eLISA will be able to detect them (see
Fig. 6.5). Their merger rates are highly speculative and range from 10 to 100
per year [322, 326, 327].
Extreme mass-ratio binaries: When one of the companion masses is far
smaller than the other (e.g., a 10M BH orbiting a 106M BH), we have
the problem of a test body in near geodesic motion in BH geometry. Such
binaries are called extreme mass-ratio binaries, as the mass ratio could be
stupendously small ∼ 10−6–10−4. eLISA would be best suited to observe
the inspiral of stellar and intermediate-mass BHs into massive 104–107M
BHs (see Fig. 6.5). Supermassive BHs in galactic nuclei are believed to grow
by the infall of stellar mass and intermediate-mass BHs. Such events could
be observed by eLISA at cosmological distances. For instance, the inspiral
of a 10M BH into a 106M supermassive BH at 1 Gpc would be visible
in eLISA. The rates in this case too are highly uncertain and range from a
few to several hundreds per year [322, 328, 329].
Figures 6.6 and 6.7 plot the characteristic amplitude hc ≡
√
f |H(f)|,
where H(f) is the Fourier transform of the signal, for several non-spinning,
equal-mass binaries with random orientation and sky position; for BH-BH bi-
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naries we use the inspiral-merger-ringdown signal, for BNS systems we have
plotted only the inspiral part of the signal terminated at the LSO frequency
because the spectrum of the merger signal is known only numerically and it
varies largely, depending on the microphysics and NS EoS. Also plotted are
the detector noise amplitude spectra of three generations of ground-based
interferometers in Fig. 6.6 and two versions of LISA in Fig. 6.7.
Figure 6.8 plots the horizon distance, computed using the full inspiral-
merger-ringdown EOB waveforms, for aLIGO as a function of the intrinsic
mass of the binary, for several mass ratios q = m1/m2 ≥ 1. In the equal-mass
case we also show the horizon distance using only the inspiral phase of the
signal. We see that the inclusion of the merger and ringdown portions of the
signal has a significant effect in the horizon distance for >∼ 40M binaries
[270, 330, 331].
Black-hole binaries of mass 50–2000M can be detected by aLIGO/AdV
at redshifts z ∼ 0.3–1.4. The largest confirmed BH mass in the stellar range
is ∼ 15M [332], but there are hints of even heavier BHs of 23–34M [333].
Theoretically, low metallicity massive stars could lead to BHs of 50M or
higher [317]. For binary systems of total mass 50–100 M, detectors are
sensitive to the final moments of merger, when the strong field dynamics
dominates the evolution. Comprehensive studies have shown that depending
on the mass ratio, full inspiral-merger-ringdown waveforms should be used
as matched filters when M >∼ 10–15M, if one wishes a loss in detection
rate of no more than 10% [299]. Space-based detectors would observe the
merger dynamics from ∼ 105–107M binaries, with SNRs ∼ 300 for sources
at z ∼ 3 [322, 334]. These SNRs are so large that templates would need to
be improved beyond their current status, so as not to bias the estimation of
the system’s masses and its position on the sky.
6.3.4 Interface between theory and observations
A search for GWs from sources with known amplitude and phase evolution
can make use of matched filtering, which involves cross-correlating the de-
tector output with a copy of our best guess of the expected signal called a
template. If the template matches the signal well, then the correlation be-
tween the noisy signal and the template builds up with time, giving rise, on
the average, to a positive output. Matched filtering, however, is very sensi-
tive to the signal’s phase evolution; even tiny phasing errors in the template
can destroy the cross correlation. It is critical to have accurate templates so
that the SNR lost due to incorrect templates is negligible.
For low-mass, inspiraling binary systems, carrying very mild spins, i.e.,
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Figure 6.8 Plots of the horizon distance of aLIGO as a function of the
intrinsic total mass of a binary using (non-spinning) inspiral-merger-
ringdown EOB waveforms calibrated to NR simulations [302]. We also plot
the horizon-distance when we only include the inspiral phase terminated
at the LSO of Schwarzschild.
for NS-NS binaries, any 3.5PN approximant is accurate enough for detec-
tion [299], a remarkable result of the PN formalism. Until what time in the
binary evolution (or, equivalently, for which total mass of the binary) is it
safe to employ PN approximants in GW searches? Is there one particular
PN approximant that is more accurate than others for any mass ratio and
spin? Such questions remained unsolved for many years and were among the
motivations of the EOB formalism in late 1990’s. To cope with those un-
certainties, for a few years before the NR breakthrough, detection-template
families were developed [280, 335–337] and some of them were used in LIGO
searches [338, 339]. To incorporate possible systematics present in PN ap-
proximants, those template families either extended the binary parameter
space to unphysical regions or incorporated higher-order physical effects, so
that they could reach higher overlaps with both PN approximants and EOB
waveforms. Eventually, after the NR breakthrough in 2005, PN approxi-
mants started to be compared to highly accurate NR waveforms [340, 341]
and also to EOB waveforms calibrated to NR waveforms [299]. It was found
that for M >∼ 10–15M, non-quasi-circular effects cannot be neglected and
templates that include inspiral, merger and ringdown should be employed
to avoid a large loss in the detection rate [299]. It was also found that PN
approximants did not perform very well for large mass ratios, i.e., for NS-BH
binaries or IMBHs. This is because in the PN approach, exact, known results
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in the test-particle limit are expanded in a PN series, washing out crucial
non-perturbative information — a drawback that was another motivation
for the EOB formalism.
In recent years, a variety of studies have been carried out at the inter-
face between analytical and numerical relativity. The results have indicated
that the best way to provide accurate templates for a successful detection
and extraction of binary parameters is to combine the knowledge from all
the available methods: PN, GSF and NR. One could try to directly com-
bine PN-computed waveforms with NR waveforms, thus building a hybrid
waveform. However, if the goal is to produce highly accurate templates, this
method would still require high computational cost, because the different
PN approximants agree sufficiently well with each other only at large sep-
arations, thus the hybridisation should start hundreds of GW cycles before
merger [342–344]. An alternative avenue is provided by the EOB approach.
Analytical vis-a-vis numerical relativity: As earliest comparisons with NR
waveforms demonstrated [281, 345] (cf. Sec. 6.2.3), the EOB formalism is
able to describe waveforms emitted during the inspiral, plunge, merger and
ringdown stages using only analytical information. Those first comparisons
employed the 3.5PN EOB dynamics and leading-order PN waveforms. Sub-
sequent studies carried out with highly accurate NR waveforms revealed the
necessity of including higher-order PN terms in the EOB dynamics, energy
flux and waveforms if the goal is to develop highly accurate templates for
aLIGO/AdV searches. As a consequence, higher-order PN terms (in partic-
ular, the test-particle limit terms) are included in the gravitational modes
h`m [277, 292, 346]. Since PN corrections are not yet fully known in the two-
body dynamics, higher-order PN terms are included in the EOB dynamics
with arbitrary coefficients [302, 346–354], which are then calibrated by min-
imising the phase and amplitude difference between EOB and NR waveforms
aligned at low frequency. Those coefficients have been denoted adjustable or
flexible parameters. In particular, EOB non-spinning waveforms (including
the first four subdominant modes) have been developed with any mass ra-
tio and shown to be indistinguishable from highly-accurate NR waveforms
with mass ratios 1–6 up to SNRs of ∼ 50 [355]. Note, however, that current
NR waveforms cover the full detector bandwidth only for binaries with total
mass larger than M >∼ 100M, thus those results are not yet conclusive.
EOB waveforms are also stable with respect to the length of the numeri-
cal waveforms [344]. EOB waveforms for non-precessing systems with any
mass ratio and spin have also been developed and calibrated to existing,
highly accurate numerical waveforms, which, however, do not yet span the
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Figure 6.9 State-of-the-art comparison [354] between (calibrated) EOB and
NR waveforms for quasi-extremal, non-precessing spins (top panel) and
precessing spins (bottom panel); lower parts show final few cycles.
overall parameter space [354]. EOB waveforms for precessing systems can
be built from those for non-precessing ones [356]; they capture remarkably
well the spin-induced modulations in the long inspiral of NR waveforms and
will be calibrated and improved in the near future. In Fig. 6.9 we show the
agreement between state-of-the-art EOB [279] and NR waveforms for an
equal-mass BH-BH binary with both spins aligned with the orbital-angular
momentum and quasi-extremal (top panel), and a single-spin binary BH
with mass ratio 5, precessing with mild spin magnitude (bottom panel).
Starting with [345, 357], a more phenomenological avenue has also been
followed to produce inspiral-merger-ringdown waveforms. In this case, the
original motivation was to provide aLIGO/AdV detectors with inspiral,
merger and ringdown waveforms that could be computed efficiently dur-
ing searches and be used to detect high-mass coalescing compact binaries.
The full waveforms are constructed by first matching inspiral PN templates
and NR waveforms in either the time or frequency domain, and then fit-
ting this hybrid waveform in the frequency domain to a stationary-phase-
approximation based template, augmented by a Lorentzian function for the
ringdown stage. As NR waveforms started spanning larger regions of the pa-
rameter space, the phenomenological waveforms have been improved [358],
and extended to non-precessing [359] and precessing [360] binary BHs.
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Today, highly accurate NR waveforms, having several tens (∼ 70) of GW
cycles and generic BH–spin orientations, can be produced by the pseudo-
spectral Einstein code (SpEC) of the Simulating eXtreme Spacetime (SXS)
collaboration [361]. Although such waveforms are not long enough and do not
span the entire parameter space to be employed as search templates, they do
allow testing of the stability of calibrated analytical waveforms with respect
to the length of the simulations, improvement of the accuracy of analytical
templates and also discrimination between different PN/EOB approximants.
We expect that longer and more accurate numerical waveforms will be pro-
duced even more efficiently in the near future. Furthermore, the production
of many short numerical waveforms with finite-difference codes [362] will
continue to help with extracting interesting information about the char-
acteristics of the merger signal. Eventually, all those advances will reduce
systematics in the analytical waveforms, so that they can be used not only
to observe GWs with advanced detectors, but can also be employed in the
future by space-based detectors to extract binary parameters and to test
general relativity at high SNRs (∼ 103).
6.3.5 Results from LIGO and Virgo
Data from several science runs of iLIGO and Virgo have been analysed to
search for compact binary coalescences. No GW signals were found, but the
results were used to set upper limits on merger rates and exclusion distances
to short-hard gamma ray bursts (GRBs). The searches have used PN tem-
plates for “low-mass” binaries [363] with total mass < 25M and component
masses > 1M and EOB templates calibrated to NR waveforms [347] for
“high-mass” binaries [364] with total mass in the range [25, 100]M and
mass ratio in the range 1 ≤ m1/m2 ≤ 6. The horizon distance to low-mass
systems during iLIGO Science Run S6 and Virgo Science Run VSR3 was 40
Mpc, 80 Mpc and 90 Mpc, for binaries with (1.35+1.35)M, (1.35+5.0)M
and (5.0 + 5.0)M, respectively. The corresponding upper limits, in units of
Mpc−3 Myr−1, were 130, 31 and 6.4 [363]. These limits were derived for bina-
ries with non-spinning components; if spins are included the upper limits are
15% higher for binaries containing one or more BHs. The horizon distance
to high-mass binaries [364] ranged from 230 Mpc for a (14+14) M binary
to nearly 600 Mpc for a (50+50) M binary; the corresponding upper lim-
its, in units of Mpc−3 Myr−1, were 0.87 and 0.07. Additionally, searches for
intermediate mass BHs with component masses 50M to 350M were car-
ried out [365] using an excess-power algorithm in the time-frequency plane,
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setting upper limits in the range 0.14–13 Mpc−3 Myr−1 for equal-mass bi-
naries.
The upper limits from the low-mass searches are roughly two orders of
magnitude away from the expected “realistic” merger rates [315]. Advanced
detectors, at their design sensitivity [366], will improve the distance reach
by a factor of ∼ 10, and an increase in search volume by a factor of 1000.
We can, therefore, expect the network of aLIGO/AdV/KAGRA to be mak-
ing detections once they reach their design sensitivities. The current plan
[366] is to collect data intermittently for periods of 3 to 6 months each
year, when the detectors are commissioned from their initial sensitivity
in late 2015 to their design sensitivity by the end of the decade; detec-
tors are expected to be in continuous operation after 2020. There is a fair
chance that the first detections might happen around 2017, when the dis-
tance reach for binary NSs is expected to reach ∼ 100 Mpc (or horizon
distance of 250 Mpc). Initial detections, with two or three detectors, might
only have a moderate SNR (∼ 12-15) and it might only be possible to
localise events to within hundreds of square degrees. The addition of KA-
GRA and a new detector in India [367] will help improve the angular res-
olution of the network to tens of square degrees and facilitate easier EM
follow-up of mergers. The analysis methods deployed in the searches have
proven their ability to make use of the predicted waveforms to identify events
and measure their parameters and compute the false alarm probability and
statistical significance of detected events. The best example of this is the
GW100916 event (popularly called the Big Dog event) that was secretly in-
jected into the iLIGO-Virgo data streams as part of the Detection Challenge
(http://www.ligo.org/news/blind-injection.php). It was successfully
identified by the on-line and off-line analysis pipelines, attributing a very
high significance to the detected event [363].
Finally, new collaborative efforts have been established to coordinate ac-
tivities between GW data analysts (or astronomers), numerical relativists
and analytical relativists which have enabled testing of data analysis pipelines,
production of a variety of NR simulations of binary BHs, and building of
more robust models for use in searches and in extracting astrophysical in-
formation from the data [368–371].
6.3.6 Science targets and challenges
Gravitational waves from compact sources will unravel many unsolved prob-
lems in astronomy, fundamental physics and cosmology. In this section we
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will discuss science targeted by GW observations and the challenges that
must be addressed in achieving those targets.
Science targets
Formation and evolution of stellar mass compact binaries: Coalescing com-
pact binaries form from massive stars. Their formation involves a number of
stellar processes. These include the evolution of the two stars through the
main sequence; gravitational collapse; supernova of the more massive star
and associated kick that could disrupt the binary; evolution of the binary
through the common envelope phase, wherein the larger giant star trans-
fers mass to its compact companion; the second supernova and associated
kick [372]. The property of the final compact binary remnant depends on
all these factors, as well as on the metallicity, chemical composition, masses
and spins of the progenitors and the initial separation of the stars [317]. Un-
derstanding the formation and evolution of compact object stars is an open
problem in astrophysics as many of the mechanisms mentioned above are
poorly understood, not accessible from observations and difficult to model.
Different evolutionary models of compact binaries predict different coales-
cence rates for the three types of compact binary mergers. By determining
the rates for these different populations it will be possible to discriminate
amongst the many competing models that are currently prevalent. Deter-
mining the mass function and spin distributions (i.e., spin magnitudes and
relative orientations) and mass ratios of companion stars, will add more
discriminatory power to single out the correct model that describes the for-
mation and evolutionary mechanisms [373]. Some models also predict a gap
in the largest NS mass allowed by the EoS and the smallest mass of a BH
formed by stellar evolution. Gravitational-wave observations could help ver-
ify the existence of such a mass gap [374].
Gamma-ray bursts: Observing GWs in coincidence with GRBs will have
a tremendous impact on understanding the progenitors of GRBs and how
they are powered. Moreover, coincident observation of GRBs and GWs will
help identify the host galaxy of a GW source and measure its redshift. If
progenitors of short GRBs (shGRBs) are binary NS mergers [375], then
this would help measure both the luminosity distance and redshift to the
source, without the use of the cosmic distance ladder [376, 377]. Clearly, such
observations will have a great potential for precision cosmography [378–380].
If binary NS mergers are progenitors of shGRBs then in addition to
beamed emission of gamma-rays, they could also emit isotropic radiation at
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optical and infra-red wavelengths. The neutron-rich material that is ejected
in the process of merger could produce heavy nuclei that decay by r-process
radioactivity, powering a transient optical and infra-red source called kilo-
nova [311]. Follow-up observations with the Hubble Space Telescope of the
shGRB 130603B at a redshift of z = 0.356 is the first evidence of a kilonova
[381, 382], with apparent magnitude of 25.8. At 200 Mpc, the distance reach
of ground-based advanced detectors to binary NS mergers, such transients
would have an apparent magnitude of about 23 and be observable by some
of the ground-based optical and near-IR telescopes, but sky localisation of
GW events will be a challenge.
Cosmology: Compact binary sources are quite unique for cosmology as they
are standard candles [376]: for binaries that chirp up during the course of
observation one can measure the source’s luminosity distance from GW ob-
servations alone. Weak gravitational lensing would bias distance measure-
ments of individual sources [383], but a large population of events, as might
be expected in the case of ET, can average out lensing biases [379]. If the
host galaxy of a merger event is identified and its redshift measured, then we
can use a population of binary coalescence events to infer cosmological pa-
rameters. In fact, GW observations might also measure the redshift through
galaxy clustering using wide-field galaxy surveys [376, 377]. Moreover, tidal
effects can be used to determine the source’s redshift provided the NS EoS
is known [384].
There is strong observational evidence that galactic centres, including the
Milky Way [385], host supermassive BHs of 106–1012M. When and how
did such BHs form? Did the BHs precede the galaxies or did they form after
the galaxies were assembled? What were their initial masses and how did
they grow? These are among the most pressing unsolved questions in cos-
mology. Gravitational-wave observations by PTAs, eLISA and ground-based
interferometers will together cover the entire spectrum of BH binaries up to
z ∼ 5-20, redshifts so large that the Universe was in its infancy assembling
the first stars and galaxies.
Neutron-star equation of state: By determining the EoS of NSs we can in-
fer the composition and structure of NS cores, which has remained largely
unknown nearly half-a-century after the discovery of the first pulsar, al-
though astronomical observations have begun to indicate hints of neutron
superfluidity in the core [386, 387]. Tidal interaction in compact binaries,
where one or both of the companions is a NS, depends on the EoS. Tidal
effects are imprinted in the inspiral phasing starting at 5PN order beyond
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the leading term and in the merger and post-merger dynamical phases, as
well. Advanced LIGO/AdV could distinguish between extreme models of
equations of state by observing ∼ 25 NS binary inspirals [388], while ET
should measure the EoS quite accurately with a single loud event [389].
Testing gravitational dynamics: Signals from coalescing compact binaries
can be used to probe the strong-field dynamics of gravity and as such fa-
cilitate tests of GR and its alternatives. Proposed tests either assume that
GR is correct and look for small deviations from GR [390, 391], or begin
with an alternative theory of gravity and determine the degree to which
observations favour the alternative [392, 393]. Orbits of small BHs plunging
into massive BHs are very complex and capture the non-linear dynamics of
gravity. By observing the emitted radiation one can map out the geometry
of the massive objects that reside in galactic nuclei and check if it agrees
with the Kerr geometry or if BHs have extra “hair” [394–396]. An alterna-
tive approach checks for consistency of GWs from QNMs emitted during the
ringdown phase of a BH binary merger [397].
Challenges
Critical problems in numerical relativity: It is important to continue to test
the accuracy of analytical inspiral-merger-ringdown waveforms by compar-
ing them to long NR waveforms and to characterise any systematic biases
in parameter estimation that might result due to inaccurate modeling. If
BHs carry large spins, waveforms emitted by NS-BH and BH-BH binaries
with mass ratios >∼ 4 will have modulations due to spin-induced precession,
which accumulate mostly during the long inspiral. Thus, more comprehen-
sive studies are needed to understand the dynamics as a function of mass
ratio, BH spins and EoSs of NSs. Moreover, at present, accurate NR wave-
forms span the entire aLIGO/AdV bandwidth only if their total mass is
larger than ∼ 100M and their mass ratio is <∼ 10. Longer waveforms for
larger mass ratios and generic spin configurations would be highly challeng-
ing, but they will be invaluable in validating analytical models, even if they
sparsely sample the full parameter space.
Binary neutron star and NS-BH merger simulations that use realistic EoSs
and include neutrino transport and other microphysics will be necessary to
extract the best science from the data. Such simulations will also provide
more accurate templates for the merger and bar-mode instability phases to
infer redshifts from GW observations alone. Analytical and semi-analytical
models of NS-NS and NS-BH mergers will be crucial for parameter esti-
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mation and Bayesian hypothesis testing. This will be a huge challenge for
the bar-mode instability regime where the signal does not seem to have any
phase coherence (see, e.g., simulations in [308, 309]). Even so, accurate mod-
eling of the expected spectrum or time-frequency content of the signal can
be useful in understanding the physics of dynamical instabilities. Several
related questions remain open such as the role of large NS magnetic fields
and spins in the merger dynamics of binary NSs and NS-BHs [311].
Critical problems in analytical relativity: As discussed in Sec. 6.2.1, advances
in PN theory over the last thirty years will enable the detection of BNS in-
spirals (if NSs carry mild spins) with negligible loss in detection rates and
in extraction of binary parameters. When spins are present, the PN phas-
ing and amplitude are not known as accurately as in the non-spinning case,
causing PN approximants to differ substantially even during the inspiral
phase [398]. Thus, spin couplings through at least 4.5PN order beyond the
leading order are required in the conservative dynamics and gravitational
flux at infinity, and through a similar PN order in the BH-absorbed horizon
flux. Once available, spin couplings will also be employed in the EOB for-
malism to further improve inspiral-merger-ringdown waveforms. Considering
that today the two-body, non-spinning conservative dynamics is known at
4PN order, it will be relevant to derive the energy flux at 4PN order to al-
low the computation of the phase evolution at 4PN order, further validating
analytical templates against NR waveforms.
Recent results that take advantage of GSF calculations have allowed the
computation of new terms in the conservative dynamics at PN orders higher
than 4PN. However, if we consider that to fully complete the computation
of the dynamics at 3PN and 4PN orders, it was necessary to overcome novel,
specific subtleties that appeared at those PN orders (notably, at 3PN order
one had to replace the Hadamard regularisation with dimensional regulari-
sation and at 4PN order it was necessary to introduce a non-local in time
action to properly include tail effects), it is difficult to imagine that, in the
future, PN calculations could be systematically and automatically extended
to an arbitrarily high PN order by simply using algebraic computer pro-
grams. This limitation does not depend on the particular technique that is
used (MPM-PN or DIRE formalisms, EFT or Hamiltonian canonical for-
malism), but it seems simply a consequence of quibbles and complexities
of the nonlinearities of GR. It is worth noticing that at present it does not
also seem necessary to have Taylor-expanded PN results at arbitrarily high
PN orders to detect the signals and to extract the best science. A combina-
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tion of PN, perturbative, and NR results and resummation techniques can
effectively work around the problem.
As discussed in Sec. 6.2.2, to obtain sufficiently accurate templates for ex-
treme mass-ratio binaries, the metric perturbations need to be computed at
second order. The formalism has been developed, calculations are underway
and hopefully will be completed in the next few years.
Refining analytic source models and waveforms: Current searches in ground-
based detectors assume that compact binaries are on quasi-circular orbits
when they enter the detector sensitivity band (see, e.g., [364]). This is very
likely a good approximation for binaries formed in fields as radiation back
reaction circularises a binary much faster than the orbit decays [399, 400].
However, eccentric binaries may form through Kozai mechanism or dy-
namical capture in dense stellar environments [401–404] and in this case
the eccentricity can be large at merger. Eccentric-binary event rates are
very uncertain. Eccentric-binary waveforms are not required for detection in
aLIGO/AdV/KAGRA, unless the eccentricity at 20 Hz is larger than 0.1.
Faithful models that take into account eccentricity would be needed to detect
GWs from highly eccentric binaries or to accurately estimate parameters of
mildly eccentric binaries.
Except for [63], past analysis pipelines have mostly searched for binaries
composed of non-spinning objects in the two-dimensional space of compo-
nent masses [364]. It is important to explore the relevance of including spins
for detection. Several studies have indicated that due to degeneracies in the
binary parameter space, template families containing a single effective spin
could be sufficient to detect waveforms emitted by double-spin binary sys-
tems [336, 337, 405–407]. Moreover, precession-induced modulations can be
incorporated in template waveforms in an efficient way, reducing also the
dimensionality of the parameter space [336, 337, 356, 374, 408]. However,
we still miss a comprehensive study that spans the entire parameter space
and determines, after taking into account how the improvements in sensitiv-
ity can be set aside by increases in false alarm probability, in which region
of the parameter space single- and/or double-spin, non-precessing or pre-
cessing searches, are needed (for first steps in this direction see [409, 410]).
Furthermore, studies are needed on the systematic biases in the estima-
tion of parameters due to the use of incomplete waveform models, espe-
cially when spin-induced modulations in NS-BH and BH-BH are included.
At present EOB waveforms for spinning BH binaries are computationally
expensive to generate (although far faster than doing NR simulations) and
hence not suitable for use in Markov Chain Monte Carlo-based parameter
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estimation methods. Quite importantly, accelerated waveform generation
techniques that use reduced-order algorithms or singular-value decomposi-
tion techniques have been proposed to address such problems [411–415].
Finally, using PN results and NR simulations, analytical templates that
extend up to merger and include tidal effects are under development [416,
417]. They will be needed to extract the best information on tidal effects
and EoS in NS-NS and NS-BH coalescences. Including tidal effects in point-
particle templates calibrated to highly accurate BH-BH waveforms from NR
(e.g., EOB waveforms) is the best way of controlling systematic errors due to
lack of knowledge of higher-order point-particle terms in the PN expansion.
In fact, employing inspiraling, point-particle PN templates augmented by
tidal effects, leads to large systematic biases and limits the extraction of
tidal information [418, 419].
Lastly, all sources of systematic effects in GR waveforms need to be un-
der control if one wants to measure possible deviation from GR. Current
waveforms are likely not to satisfy this requirement in the majority of the
parameter space for ground-based and especially space-based detectors. A
comprehensive study that also employs accurate waveforms from alterna-
tive theories of gravity both for the inspiral, but also the plunge and merger
stages, is needed to understand how much one should to reduce systematic
errors in GR waveforms and to be able to observe deviations from GR.
Synergy between EM and GW observations: Following up GW events using
EM telescopes, and likewise analysing GW data at the time of EM transients,
will be invaluable in enhancing the scientific returns of observations. Since
the EM sky is full of transient events, understanding which EM transients
to follow-up in GW data is important as otherwise coincidences will lose
significance. While many EM transients are easily identifiable, challenges
remain in unraveling the nature of astronomical transients [420]. A study
of the fraction of EM transients that might look like GW progenitors, and
hence contribute to false coincidences, is desirable.
EM followups of GW events rely on accurate estimation of source position
[421]. What are the methods by which we might be able to improve sky
localisation? For example, sub-dominant harmonics in systems with large
mass ratios [422, 423] and binaries with rapidly spinning components [424],
could both enhance sky resolution and galaxy surveys could help target
specific sky patches [425]. A proper understanding of biases in the estimation
of sky position due to inaccurate waveform models or the use of galaxy
catalogues is necessary.
Pulsar timing arrays are approaching astrophysically relevant sensitivity
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levels and setting limits on the detectability of binary supermassive BH
binaries [426]. SKA could observe continuous waves from an isolated su-
permassive BH binary, if one exists in the relevant frequency range, within
z <∼ 1 [427]. The challenge here would be to control systematics in pulsar
timing noise and to discover a large number of (∼ 100) stable (timing noise
<∼ 20 ns) millisecond pulsars.
6.4 Isolated compact objects
Over the past 30 years, astronomy has made great strides in observing com-
pact objects and their environments and equally raised new puzzles about
the interior structure of NSs. In particular, X- and gamma-ray observations
have identified new potential sources of GWs. On the theoretical front, there
is now a vast amount of literature aiming to understand the structure and
composition of NS cores and observational signatures expected of them.
Supernova simulations have become more sophisticated, with predictions
of GW amplitudes that are far more pessimistic now than it was thought
three decades ago, but challenges have remained in producing realistic sim-
ulations that resolve all the relevant scales and include all the macro- and
micro-physics. Gravitational-wave observations with initial interferometers
at design sensitivity have broken new ground, setting the best upper limits
on the strength of GWs from known pulsars. These observations are already
constraining theoretical models and advanced interferometers will greatly
improve upon them. In this section we will take a census of the most impor-
tant GW sources of isolated compact objects, current observational status
and science targets and challenges for future observations.
6.4.1 A menagerie of neutron-star sources
Neutron stars in isolation with a time-varying quadrupole moment are po-
tential sources of GWs. The birth of a NS in a supernova, a non-axisymmetric
spinning NS, a NS accreting from a companion in a low-mass X-ray binary,
differentially rotating NSs, could all produce GWs.
For an isolated body the energy available for radiation is in the form of
its gravitational binding energy, rotational energy or energy stored in its
magnetic field. Most of the available energy might be emitted in a burst
of GWs, resulting in a source with a large amplitude, or else the energy
might leak out slowly over a long period of time, giving a continuous, but
low-amplitude, source of radiation.
Supernovae: Neutron stars are born in the aftermath of the gravitational
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collapse of a massive star of ∼ 8–100M or when the core of a white dwarf
becomes more massive than the Chandrasekhar limit of 1.4M. Supernovae
were the prime targets for the first GW detectors and they are still among
the most important sources. The Galactic supernova rate is uncertain and is
thought to be between 0.01–0.1 per year, but the rate within about 5 Mpc
could be one per few years [428].
In supernovae, GWs are emitted at the expense of the gravitational bind-
ing energy. The time scale over which the radiation is emitted is the dynam-
ical free-fall time τFF ∼
√
4pi/GρNS, where ρNS ∼ 5 × 1017 kg m−3 is the
mean density of a NS8. Thus the time scale for collapse is τFF ∼ 2 ms and
the frequency of GWs would be f ∼ τ−1FF ∼ 500 Hz. Numerical simulations
also reveal that the time domain waveform is a short burst and the energy
in the burst is spread over a frequency range of 200 Hz to 1 kHz, with the
peak of the radiation at fpeak ' 500 Hz [429, 430]. If a fraction  ∼ 10−8 of
the rest mass energy of the star is converted to GWs then the characteristic
amplitude of the signal would be hc ∼ 2 × 10−22 Hz−1/2. From Fig. 6.6 we
see that a Galactic supernova from a random sky position would be easily
observable in aLIGO, producing an SNR9 of ∼ √2/5hc/√Sh(fpeak) ∼ 30.
At 4 Mpc, the distance at which the rate could be one per few years, the
characteristic amplitude would be hc ∼ 5 × 10−24 Hz−1/2, which would be
observable in ET with a similar SNR if  ∼ 10−6.
Spinning neutron stars: A NS that is perfectly spherically symmetric or
spinning about its symmetry axis emits no radiation since its quadrupole
moment would not vary with time. Non-axisymmetric NSs would produce
radiation at twice the spin frequency. The amplitude of GWs for a NS at
a distance R, is [80] h0 = 4pi
2G Izz f
2/(c4R), where f is the frequency of
GWs and  ≡ (Ixx − Iyy)/Izz is the NS ellipticity given in terms of the
principal moments of inertia with respect to the rotation axis, Ixx, Iyy and
Izz. Typical NS moments of inertia are I ∼ 3 × 1038 kg m2, so a NS at 10
kpc, spinning at 50 Hz (GW frequency of 100 Hz) and an ellipticity of 10−6,
has an amplitude of h0 ' 3× 10−27.
Since GWs from spinning NSs are essentially continuous waves (CW),
Fourier transforming the signal would focus all its power into one frequency
bin. The SNR grows as the square-root of the integration period. Thus, the
characteristic strain amplitude hc of a signal integrated over a time T is hc =
8
The density of the pre-collapse star is not relevant as most of the energy in GWs is emitted in the
final moments of the collapse and core bounce.
9
Laser interferometers have the best response to burst sources that occur directly above their
plane, but for an event at a random position on the sky and for waves of arbitrary polarisation
the response and the SNR are a factor
√
2/5 smaller.
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h0
√
T , which for the example considered above is hc ∼ 1.7 × 10−23 Hz−1/2,
for T = 1 yr. For the Crab (B0531+21), the youngest known pulsar, at a
distance of 2 kpc and spin frequency of 30 Hz, hc ∼ 3×10−23 Hz−1/2, for the
same ellipticity. Figure 6.6 plots the characteristic amplitude as a function of
GW frequency for two choices of ellipticities,  = 10−6 and 10−8, and for NSs
at 10 kpc, located and oriented randomly with respect to the detector and for
an integration time of 1 year. Neutron stars of spin frequencies in the range
20–400 Hz (GW frequencies of 40–800 Hz) would be accessible to advanced
detectors if their ellipticities are  >∼ 1.6× 10−5(f/100 Hz)−2(R/10 kpc).
Nearly 2000 pulsars are currently known10 and it is estimated that our
galaxy is host to ∼ 109 NSs. The fraction of NSs accessible to the gravi-
tational window is uncertain. The biggest uncertainty is the ellipticity that
can be sustained in a NS, with largest estimates of  ∼ 10−4 [431], but more
typically  ∼ 10−6 or smaller [432]. Statistical arguments suggest that a NS
with ellipticity  = 10−6 could be close enough to have an amplitude of
hmax ' 1.6× 10−24 in the frequency range 250–680 Hz [433].
Figure 6.7 shows the expected amplitude for several known AM CVn
systems, white dwarf binaries, and X-ray binaries in the eLISA band. The
latter sources are often referred to as calibration sources, because eLISA
should see them at these amplitudes.
Pulsar Glitches and Magnetar Flares: Radio pulsars have very stable spins
and their periods (P ) change very slowly over time. Their small spin-down
rate (P˙ <∼ 10−12), is occasionally marked by a sudden increase in angular
frequency Ω, an event that is called a glitch [434]. To date more than 300
glitches have been observed in about 100 pulsars [435]. Vela (B0833-45) is
a nearby (R ∼ 300 pc) pulsar in which 16 glitches have been observed since
its discovery in 1969. The magnitude of a glitch is measured in terms of
the fractional change in the angular velocity, which is found to be in the
range ∆Ω/Ω ∼ 10−5–10−11. Some time after a glitch, the pulsar returns to
its regular spin-down evolution. Pulsar glitches are not the only transient
phenomena observed in NSs. Sources of giant X- and gamma-ray flashes are
thought to arise in highly magnetised NSs, called magnetars, with B-fields
∼ 1015–1016 Gauss. The source of high-energy radiation is believed to be
powered by the decay of the magnetic field associated with stellar quakes
[436].
Pulsar glitches and magnetar flares could excite a spectrum of normal
mode oscillations of the ultra dense NS core, the characteristic mode fre-
quencies varying over a range of 1.5–6 kHz and damping times τ ∼ ms,
10
ATNF pulsar catalogue: http://www.atnf.csiro.au/people/pulsar/psrcat/
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depending on the mode in question and the NS EoS [437]. The energy in
normal modes could be emitted as a narrow-band burst of exponentially
damped sinusoidal GWs. Figure 6.6 shows plausible characteristic ampli-
tudes produced by normal modes of energy 10−12M, for mode frequencies
in the range of 1.5–4 kHz and NS distances in the range 1 kpc to 10 kpc.
Third generation detectors like ET should be able to detect such amplitudes
in coincidence with radio observations.
Low Mass X-ray Binaries: Low-Mass X-ray Binaries (LMXBs) are accreting
NSs or BHs that emit bursts of X-ray flashes lasting for about 10 s and
repeat once every few hours or days, with millisecond oscillations in burst
intensity [438]. X-ray bursts are believed to be caused by thermonuclear
burning of infalling matter, while oscillations are suspected to be caused by
the NS spin. About 100 galactic LMXBs are known to-date as well as many
extra-galactic ones. Inferred spin frequencies of NSs in LMXBs seem to have
an upper limit of about 700 Hz [438], although this is nowhere close to the
value at which centrifugal break-up would limit the star’s spin frequency.
It has been proposed that GWs might be responsible for limiting the spin
frequencies of NSs in LMXBs [439–441].
The expected characteristic amplitude of gravitational radiation is shown
in Fig. 6.6 for the well-known LMXB Sco X-1 and for the known Galactic
population of LMXBs. Advanced detectors could detect Sco X-1 if it is losing
all of its accreted angular momentum to GWs (which is unlikely to be the
case), while ET targets the full galactic population [442].
6.4.2 Results from LIGO and Virgo
Searches for burst signals: Searches for bursts of GWs essentially fall into one
of two classes: all sky, blind searches and astrophysically triggered searches.
In the first approach there is no a priori information about what and when
to look for. The goal of this approach is to detect radiation from unmodeled,
or poorly modeled, transient sources, as well as hitherto unknown sources,
that last for less than ∼ 1 second. Since no assumption about the nature
of GWs is made, this approach has the greatest serendipitous discovery
potential. The search algorithm uses wavelet transforms to look for excess
power [443] and the sensitivity of the search is characterised in terms of
the root-sum-square strain amplitude hrss of the signal
11. Analysing data
from the various science runs has determined that the rate of strong GW
bursts (i.e., bursts with hrss > 10
−19 Hz−1/2 in the frequency region from
11
The strain amplitude hrss is defined as: hrss =
√∫
[ |h+(t)|2 + |h×(t)|2 ] dt.
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70 Hz to 3 kHz) reaching the Earth is less than 1.3 events per year at 90%
confidence [444]. For hypothesised standard candle sources that emit 1 M
equivalent of energy in GWs as sine-Gaussian waveforms, the inferred rate
density of events in the local Universe, in units of Mpc−3 yr−1, is less than
10−6 in the frequency range 100–200 Hz and less than 10−2 in the frequency
range 1–2 kHz. Alternatively, generic burst sources within 10 kpc emitted
less than ' 2 × 10−8M in GWs in the frequency range 100–200 Hz; that
limit increases to ' 10−5M at 1 kHz [444].
In the second approach, analysis is carried out around the time of an
astrophysical transient, such as a supernova or a magnetar flare. Knowl-
edge of the epoch and sky position of the event helps reduce the amount of
data that needs to be searched for, which in turn decreases the false alarm
probability and improves the search sensitivity. Searches have been carried
out at the time of pulsar glitches [445], magnetar flares [446] and GRBs
[447]. Of particular significance is the search for GWs around the time of
GRB070201 [448]. The event in this case was a shGRB that is believed to
have followed either from giant quakes in highly magnetised NSs or from
merging binary NSs. Location of GRB070201 coincides with the spiral arms
of the Andromeda galaxy (M31) at 780 kpc. LIGO detectors, which were
taking data at the time of this event, would have quite easily detected signals
from a merging NS binary at this distance, but not bursts associated with
a magnetar flare. The analysis found no plausible GW candidates within a
180 s window around the time of the GRB and in particular excluded binary
NS-NS and NS-BH mergers at M31 with more than 99% confidence [448].
The analysis also concluded that isotropic energy in GWs from the source, if
it were at M31, was most likely less than 4.4×10−4M, lending support for
the possibility that this was the first Soft Gamma Repeater flare observed
outside the Milky Way.
More recently, searches have also been performed around the times of 128
long GRBs and 26 shGRBs [447]; no GW candidates of any significance were
found, which meant that the bursts could not have occurred closer than a
certain distance determined by the horizon distance of the detectors in the
direction of the GRBs. The maximum exclusion distance for the population
of shGRBs was 80 Mpc, which is not surprising since the closest known
shGRB is at a distance of ∼ 500 Mpc. However, extrapolating current results
to advanced detectors, it seems quite plausible that GWs coincident with
GRBs could be detected within 2.5–5 years of observing [447, 449], or place
upper bounds on the number of GRBs arising from merging binaries.
Searches for continuous waves: Most CW signals are monochromatic in the
rest frame of their sources. Their detection is complicated by the fact that
6.4 Isolated compact objects 57
the signal received at the detector is modulated due to the Earth’s mo-
tion. Because of Doppler modulation in frequency, the spectral lines of fixed
frequency sources spread power into many Fourier bins about some mean
frequency. Although the modulation of the signal makes the search pro-
hibitively expensive, imprinted in the modulation is the source’s position
on the sky; it will be possible to resolve the source’s location subject to
Rayleigh criterion, δθ = 2piλ/L, where δθ is the angular resolution, λ is the
wavelength of the radiation and L = 2 AU is the baseline for an observation
period of 1 year. At a frequency of 100 Hz, δθ ∼ 2′′. In the case of CW
sources, two different types of searches have been performed: searches for
known pulsars (with precisely known sky position and frequency evolution)
and blind searches (sources with unknown sky position and spin frequency).
Searches for CW signals from known, isolated pulsars, not being limited
by computational resources, have achieved the best possible sensitivity [450].
In particular, upper limits on the strength of GWs from the Crab and Vela
pulsars are now determined by these observations to be well below the level
expected from the observed rate at which these pulsars are spinning down.
The loss in energy to GWs in Crab is less than 1% of the rotational energy
lost due to the observed spin down [450]; the corresponding number for Vela
is 10% [445]. A search for CW signals in the frequency range of 100–300 Hz
from the compact central object, believed to be a NS, in the supernova rem-
nant Cassiopea A at 3 kpc, has set best upper limit on the strain amplitude
of ∼ 3 × 10−24 and equatorial ellipticity of 0.4–4 × 10−4, as well as setting
the first ever limit on the amplitude of r-modes in this young NS [451].
Given the possibility that the strongest CW sources may be electromag-
netically quiet or previously undiscovered, an all sky, all frequency search for
such unknown sources is very important, though computationally formidable.
Clever and computationally efficient algorithms and distributed volunteer-
computing Einstein@Home [452] have made the searches ever more sensi-
tive, and have been successful in discovering new radio pulsars in old radio
data (see, e.g., [453, 454]). A blind GW search using Einstein@Home ex-
cluded signals in the 50 Hz to 1.2 kHz band, with upper limits on strain
amplitudes ∼ 10−24 –10−23 depending on the frequency of the source. For
example, strain amplitudes greater than 7.6× 10−25 were excluded at 152.5
Hz the (frequency where LIGO S5 run had the best sensitivity), over a 0.5
Hz-wide band [455]. This means there are no NSs at this frequency within 4
kpc and spinning down faster than 2 nHz s−1 and ellipticities greater than
2 × 10−4. Targeted searches for sources within 8 pc of the Galactic centre
Sag A∗, in the frequency range of 78–496 Hz, and maximum spin down rates
of ∼ −8×10−8 Hz s−1 have achieved the best sensitivities for blind searches,
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ruling out NSs with GW amplitude ∼ 3×10−25 around 150 Hz in this region
of the sky (for details and caveats see [456]).
Advanced detectors will beat the spin down limit of several pulsars [450].
For the fastest pulsars in the frequency range 200–400 Hz, advanced de-
tectors will reach ellipticity limits of ∼ 10−8 (or a differential radius of 100
microns in 10 km!), significantly below the spin-down limits; ET will be
sensitive to ellipticities as low as 10−9 [18].
6.4.3 Science targets and challenges
Neutron stars are the most compact objects with matter known today. They
have strong surface gravity that is responsible for very intense sources of X-
rays and gamma-rays. Their dense cores could be superfluid and might con-
sist of hyperons, quark-gluon plasma or other exotica [438] and are, therefore,
laboratories of high energy nuclear physics. Observing a representative sam-
ple of the galactic population of NSs could transform astrophysical studies of
compact objects, but there are still some challenges in theoretical modeling
of NSs and analysis of data.
Science Targets
Physics of low-mass X-ray binaries: Detecting GWs from LMXBs should
help to understand the mechanism is behind limiting spin frequencies in
LMXBs. The centrifugal breakup of NS spins for most EoS is ∼ 1500 Hz,
far greater than the maximum spin of ∼ 700 Hz inferred from X-ray obser-
vations [457]. It has, therefore, been a puzzle as to why NS spin frequencies
are stalled. One reason for this could be that some mechanism operating
in the NS is emitting GWs and the resulting loss in angular momentum
explains why NSs cannot be spun up beyond a certain frequency. The exact
mechanism causing the emission of GWs can account for this amplitude if
NS can support an effective ellipticity of  ∼ 10−8. This ellipticity could be
produced by a time-varying, accretion-induced quadrupole moment [440], or
by relativistic instabilities (e.g. r-modes) [458], or by large toroidal magnetic
fields [459]. Targeted observations of known LMXBs could confirm or rule
out astrophysical models of such systems.
Understanding supernovae: Supernovae produce the Universe’s dust and
some of its heavy elements; their cores are laboratories of complex physical
phenomena requiring general relativity, nuclear physics, magneto-hydrodyna-
mics, neutrino viscosity and transport and turbulence to model them. Much
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of the physics of supernovae is poorly understood: How non-axisymmetric
is the collapse? How much energy is converted to GWs and over what time
scale? What causes shock revival in supernovae that form a NS: neutrino,
acoustic and/or magneto-rotational mechanisms? Depending on the super-
nova mechanism, the predicted energy in GWs from supernovae varies by
large factors (see, e.g., [460, 461]), indicating the complexity of the prob-
lem in numerical simulations. Until we know the mechanism that revives
the stalled shock it will not be possible to correctly predict the ampli-
tude of the emitted gravitational radiation or its time-frequency structure.
Gravitational-wave observations could provide some of the clues for solv-
ing these questions [430, 462]. Moreover, GWs could also be produced by
neutrino emission during the supernova explosion and the signal spectrum
could extend down to ∼ 10 Hz [463]. More realistic studies are needed to
quantify this signal.
Testing neutron-star models: Models of NSs are mostly able to compute
their maximum ellipticity by subjecting the crust to breaking strains with
predicted ellipticities ranging from  ∼ 10−4 (for exotic EoS) [431] to 10−7
for conventional crustal shear [464]. Large toroidal magnetic fields of order
1015 G could sustain ellipticities of order 10−6 [465] and accretion along mag-
netic fields might produce similar, or a factor 10 larger, deformations [466].
The large range in possible ellipticities shows that GW observations could
have a potentially high impact and science return in this area. Confirmed
detections of NSs with known distances will severely constrain models of the
crustal strengths and a catalogue of CW sources would help understand the
galactic supernova rate and their demographics could lead to insights on the
evolutionary scenarios of compact objects.
Challenges
Interfacing theory with searches: Models that can accurately predict the
spectrum and complex mode frequencies will be very useful in searches for
GW signals at the time of glitches in pulsars and flares in magnetars [437]. In
fact, robust predictions can also help to tune detectors to a narrower band,
where signals are expected, with greater sensitivity. To take advantage of
such techniques, which will become feasible in the era of routine observations,
models would need to become realistic and reliable.
Supernova simulation is one area where a breakthrough in understanding
the core bounce that produces the explosion could be critical to produce
reliable models. At present, it is not clear if models will ever be able to
60 Sources of Gravitational Waves: Theory and Observations
produce waveforms that can be deployed as matched filters. A catalogue
of predicted waveforms are routinely used to calibrate the sensitivity of a
search (see, e.g., [444]). Accurate models of the frequency range and spectral
features of the emitted radiation will obviously aid in better quantification
of the search sensitivity.
The problem of blind searches: Looking for CWs in GW data is a compu-
tationally formidable problem [467–469]. Blind searches have to deal with
many search parameters, such as the sky position of the source, its spin fre-
quency and one or more derivatives of the spin frequency [468]. The number
of floating point operations grows as the 5th power of the integration time
T for a blind search with unknown sky position, unknown spin frequency
and one spin-down parameter [470]. Most blind searches are able to coher-
ently integrate the data for about a few hours to days (depending on the
number of spin-down parameters searched for) [455, 456] and the sensitiv-
ity of searches will always be limited by the available computing resources.
Algorithms that can integrate for longer periods are desirable, as are multi-
step hierarchical searches that could achieve optimal sensitivity given the
computational power.
6.5 Gravitational radiation from the early Universe
During the past 30 years, several new predictions for GW signals from the
primordial Universe have been made, greatly stimulated by the construc-
tion and operation of the first GW detectors and the planning of future
experiments.
The epoch of big-bang nucleosynthesis (BBN), when light elements first
formed, is the earliest epoch of the Universe that we understand today with
any confidence. The Universe was only a second old at this epoch, it was
radiation dominated and had a temperature of ∼ 1 MeV. In contrast, the
Universe was much older (age of ∼ 105–106 years) and cooler (temperature of
∼ 1 eV), when the CMB radiation, measured today with amazing accuracy,
was emitted. It is expected that the Universe is filled with cosmic neutrinos
produced when the Universe’s temperature was 1 MeV, but this has not been
observed, yet. In fact, no primordial background, of radiation or particles,
produced before the epoch of CMB has ever been detected.
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6.5.1 Primordial sources and expected strengths
Gravitational waves emitted prior to BBN in the so-called dark age would
travel unscathed, due to their weak interaction with matter, and provide us
with a view of the Universe at that time.
A rapidly varying gravitational field during inflation can produce a stochas-
tic background of GWs by parametric “amplification” of quantum, vacuum
fluctuations [471, 472]. Today this background would span the frequency
range of 10−16 – 1010 Hz, which covers the frequency band of current and
future detectors on the ground and in space (see Figs. 6.6 and 6.7). This is
the same mechanism that is believed to have produced the scalar density per-
turbations that led to the formation of large scale structures in the Universe.
Single-field, slow-roll models of inflation predict that the GW background
today slightly decreases as the frequency increases, ΩGW = Ω0(f/feq)
nT ,
for f > feq with nT <∼ 0, while it rises as a power-law, ΩGW = Ω0(f/feq)−2,
for f < feq [473, 474], where ΩGW(f) = dρGW(f)/d log f/ρC [475], with
ρC = 3H
2
0/(8piG) and H0 the present value of the Hubble parameter. The
transition frequency feq ' 10−16 Hz corresponds to the Hubble radius at the
time of matter-radiation equality, redshifted to the current epoch. The value
of Ω0 is not known, but the current upper limit on the tensor-to-scalar ratio
from the CMB [476] implies Ω0 <∼ 10−15. A cosmological GW background
would leave an imprint in the CMB polarisation map [477, 478] and, as men-
tioned in Sec. 6.1, the BICEP2 [19] experiment has claimed a detection of
this signature. However, further scrutiny suggests that at this time BICEP2
result cannot be excluded from being of astrophysical origin [20, 21]. Con-
currently with the construction of ground-based detectors and the planning
of next generation of experiments, studies of the GW background from in-
flation have been refined and several physical effects that may impact the
high-frequency portion of the spectrum have been predicted [479–482].
The preheating phase, which occurs at the end of inflation, is a highly
non-thermal phase that creates transient density inhomogeneities with time-
varying mass multipoles, which would generate a stochastic background of
GWs [483]. Symmetry breaking phase transitions or the ending stages of
brane inflation might witness the creation of cosmic (super)strings [484–486].
Due to their large tension these strings undergo relativistic oscillations and
thereby produce GWs, which causes them to shrink in size and disappear.
However, they could be constantly replaced by smaller loops that brake off
from loops of size larger than the Hubble radius. In this way, a network of
cosmic (super)strings could generate a stochastic GW background but they
could also produce bursts of gravitational radiation when cusps and kinks
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form along strings [487–491]. Likewise, a strong first order phase transition
could create bubbles of true vacuum, which collide with each other and
produce a GW background [492, 493]. For more details on the mechanisms
responsible for gravitational radiation in the early Universe, we refer the
reader to the following reviews [473, 474, 494, 495] and references therein.
6.5.2 Results from LIGO and Virgo
Stochastic signals are a type of continuous waves, but with two important
differences. In general they do not arrive from any particular direction and,
by definition, have no predictable phase evolution. Therefore, conventional
matched filtering would not work and sliding data of one detector relative
to another (to account for the difference in arrival time) has no particular
advantage. Even so, data from one detector could serve as a “template” to
detect the same stochastic signal present in another detector. If the detectors
are located next to each other and have the same orientation then a simple
cross-correlation of their outputs weighted by their noise spectral densities
would result in optimal SNR [496]. The problem with two nearby detectors
is that they will have a common noise background that would contaminate
the correlated output. By placing detectors far apart, one could mitigate
the effect of common noise, but in that case wavelengths smaller than the
distance between the detectors will not all be coherent in the two detectors,
which effectively reduces the sensitivity bandwidth. This is appropriately
taken into account in the cross-correlation statistic of a pair of detectors by
using what is called the overlap reduction function [497], which is a function
of frequency that accounts for the lack of coherence in stochastic signals in
detectors of different orientations and separated by a given distance [475].
Additionally, since the template is essentially noisy, the amplitude SNR
grows as the fourth-root of the product of the effective bandwidth ∆f of
the detector and the duration T over which the data is integrated [496].
In the case of PTAs, the detection technique is similar; instead of a pair
of detectors one constructs the correlation between the timing residuals of
many stable millisecond pulsars.
The energy density in GWs is related to the strain power spectrum SGW(f)
by [475] SGW(f) = 3H
2
0 ΩGW(f)/(10pi
2f3). The characteristic amplitude hc
of a stochastic background, i.e. the strain amplitude produced by a back-
ground after integrating for a time T over a bandwidth ∆f , is given by
h2c =
√
T ∆f SGW. In Figs. 6.6 and 6.7 we plot (in dotted lines) hc(f) for
several values of ΩGW assumed to be independent of f , setting T = 1 yr and
∆f = 100 Hz. Due to the overlap reduction function, the SNR is built up
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mostly from the low-frequency part of the signal such that λGW >∼ d/2, where
d is distance between detectors. A stochastic signal would be detectable if
it stays above the noise curve roughly over a frequency band ∆f ' f. Ad-
vanced detectors should detect ΩGW ≥ 10−9 at tens of Hz, while ET, due to
its much improved low-frequency sensitivity and collocated detectors, could
detect ΩGW ∼ 10−11, while eLISA could detect ΩGW ≥ 10−12 at mHz fre-
quencies. For an integration time of T = 5 yr and bandwidth of ∆f = 6 nHz,
a stochastic background with ΩGW = 2.5×10−10 would be detectable in PTA
with an SNR of 5, assuming 20 millisecond pulsars that have an rms stability
of 100 ns [498, 499]. SKA will improve the sensitivity of PTAs by two orders
of magnitude to ΩGW ∼ few × 10−13 [500].
Gravitational radiation from the early Universe does not only gener-
ate stochastic backgrounds: bursts from cusps and kinks along cosmic (su-
per)strings produce power-law signals in the frequency domain [490] that
can be searched for using matched-filtering techniques. Data from several
science runs of iLIGO and Virgo detectors have been analysed to search for
signals from the early Universe. In those science runs, the detectors’ sensitiv-
ity has passed the BBN bound [501, 502] in the frequency band around 100
Hz, ΩGW < 6.9× 10−6, but not yet the CMB bound [503]. The results have
started to exclude regions of the parameter space of expected signals from
cosmic (super)strings [502, 504, 505], and have constrained the equation of
state of the Universe during the dark age [502, 506]. Moreover, pulsar timing
observations have set physically meaningful upper limits for the supermas-
sive BH binary background (ΩGW < 1.3×10−9 at 2.8 nHz) [507] and cosmic
(super)strings [508].
6.5.3 Science targets and challenges
Stochastic GW signals might carry signature of unexplored physics in the
energy range ∼ 109 GeV to ∼ 1016 GeV. The detection of GWs from the
dark age could therefore be revolutionary. The spectrum of the detected
radiation could reveal phase transitions that might have occurred in the
Universe’s early history, unearth exotic remnants like cosmic (super)strings,
prove that a cosmic inflationary phase existed and that gravity can be recon-
ciled with quantum mechanics. No other observation can ever take us closer
to the origin of our Universe and hence the science potential of discovering
primordial GWs will be immense. However, the challenges in this area are
equally formidable.
As mentioned before, one of the biggest problems in identifying a stochas-
tic GW background is how to disentangle it from the environmental and in-
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strumental noise backgrounds. At present, data from two or more detectors
are cross correlated to see if there is any statistical excess. If the detectors
are geographically widely separated then one could reasonably hope for the
environmental noise backgrounds in different instruments not to correlate,
although correlations could exist due to large scale magnetic fields, cosmic
rays and anthropogenic noise and the like. When the number of detectors
grows, noise correlations go down. However, because of the overlap reduction
function, the sensitivity to a stochastic background diminishes quickly with
geographically separated detectors. Due to environmental and instrumental
noise, searching for stochastic backgrounds in collocated detectors like ET
or eLISA will be a real challenge.
In the case of PTAs, the problem is less severe as one is looking for cor-
relations in the residuals of the arrival times of radio pulses from an array
of millisecond pulsars, after subtracting the model of the pulsar from the
original data. In principle, any systematics in timing residuals could be mit-
igated by integrating the correlation over long periods, but the problem here
is that the time scale for integration tends to be large (i.e., tens of years).
In the case of the GW background from inflation, CMB bounds on in-
flationary potentials are not very informative on the value of Ω0 except for
placing an upper limit. In the absence of probes from epochs prior to BBN,
it is very hard to infer the equation of state of the Universe between the end
of inflation to the epoch when the radiation era started. Thus, it is difficult
to predict the spectral slope of the relic GW background from BBN (when
the Universe was certainly radiation dominated) to the scales where PTA,
space-based and ground-based detectors are sensitive [506]. It is customary
and (perhaps) natural to assume that the slope is the same over the huge
range of frequency, spanning twenty orders of magnitude, and that it can be
determined by CMB observations. However, as we look backward past BBN,
a stiff energy component might overtake radiation as the dominant compo-
nent in the cosmic energy budget [509–513], without coming into conflict
with any current observational constraints. The detection of the B-mode
polarisation in the CMB will certainly have a huge impact, determining Ω0,
but we will still not know whether the slope remains the same for twenty
orders of magnitude.
Predictions for the GW background from preheating at the end of infla-
tion [483, 495] lie typically (except for some choices of parameters in hy-
brid inflation) in the MHz frequency range where no GW detectors exist or
are currently planned. Experimental proposals would need to be made, but
since, when holding ΩGW fixed, the noise spectral density decreases as the
frequency increases, the requirements on the detector sensitivity can be very
6.5 Gravitational radiation from the early Universe 65
hard to achieve. Finally, depending on string parameters, both the stochastic
background and single powerful bursts from cusps and kinks of cosmic (su-
per)strings could be observed by PTAs, eLISA and the aLIGO/AdV/KAGRA
network. More robust predictions of (super)string loop sizes (large versus
small loop sizes at birth) will be important to restrict regions of parameter
space that are searched over (see [495] and references therein).
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